
MAS352/61023 – Formula Sheet – Part One

Where not explicitly specified, the notation used matches that within the typed lecture notes.

Modes of convergence

� Xn
d→ X ⇔ limn→∞ P[Xn ≤ x] = P[X ≤ x] whenever P[X ≤ x] is continuous at x ∈ R.

� Xn
P→ X ⇔ limn→∞ P[|Xn −X| > a] = 0 for every a > 0.

� Xn
a.s.→ X ⇔ P [Xn → X as n → ∞] = 1.

� Xn
Lp

→ X ⇔ E [|Xn −X|p] → 0 as n → ∞.

The binomial model and the one-period model

The binomial model is parametrized by the deterministic constants r (discrete interest rate), pu and pd
(probabilities of stock price increase/decrease), u and d (factors of stock price increase/decrease), and s
(initial stock price).

The value of x in cash, held at time t, will become x(1 + r) at time t+ 1.

The value of a unit of stock St, at time t, satisfies St+1 = ZtSt, where P[Zt = u] = pu and P[Zt = d] = pd,
with initial value S0 = s.

When d < 1 + r < u, the risk-neutral probabilities are given by

qu =
(1 + r)− d

u− d
, qd =

u− (1 + r)

u− d
.

The binomial model has discrete time t = 0, 1, 2, . . . , T . The case T = 1 is known as the one-period
model.

Stirling’s Approximation

It holds that n! ∼
√
2πn

(
n
e

)n
.

Conditions for the optional stopping theorem (MAS61023 only)

The optional stopping theorem, for a martingale Mn and a stopping time T , holds if any one of the
following conditions is fulfilled:

(a) T is bounded.

(b) P[T < ∞] = 1 and there exists c ∈ R such that |Mn| ≤ c for all n.

(c) E[T ] < ∞ and there exists c ∈ R such that |Mn −Mn−1| ≤ c for all n.
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The normal distribution

Z ∼ N(µ, σ2) has probability density function fZ(z) =
1√
2πσ

e−
(z−µ)2

2σ2 .

Moments: E[Z] = µ, E[Z2] = σ2 + µ2, E[eZ ] = eµ+
1
2σ

2

.

Ito’s formula

For an Ito process Xt with stochastic differential dXt = Ft dt + Gt dBt, and a suitably differentiable
function f(t, x), it holds that

dZt =

{
∂f

∂t
(t,Xt) + Ft

∂f

∂x
(t,Xt) +

1

2
G2

t

∂2f

∂x2
(t,Xt)

}
dt+Gt

∂f

∂x
(t,Xt) dBt

where Zt = f(t,Xt).

Geometric Brownian motion

For deterministic constants α, σ ∈ R, and u ∈ [t, T ] the solution to the stochastic differential equation
dXu = αXu dt+ σXu dBu satisfies

XT = Xte
(α− 1

2σ
2)(T−t)+σ(BT−Bt).

The Feynman-Kac formula

Suppose that F (t, x), for t ∈ [0, T ] and x ∈ R, satisfies

∂F

∂t
(t, x) + α(t, x)

∂F

∂x
(t, x) +

1

2
β(t, x)2

∂2F

∂x2
(t, x)− rF (t, x) = 0

F (T, x) = Φ(x).

If Xu satisfies dXu = α(u,Xu) dt+ β(u,Xu) dBu, then

F (t, x) = e−r(T−t)Et,x [Φ(XT )] .



The Black-Scholes model

The Black-Scholes model is parametrized by the deterministic constants r (continuous interest rate), µ
(stock price drift) and σ (stock price volatility).

The value of a unit of cash Ct satisfies dCt = rCt dt, with initial value C0 = 1.

The value of a unit of stock St satisfies dSt = µSt dt+ σSt dBt, with initial value S0 > 0.

At time t ∈ [0, T ], the price F (t, St) of a contingent claim Φ(ST ) (satisfying EQ[Φ(ST )] < ∞) with exercise
date T > 0 satisfies the Black-Scholes PDE:

∂F

∂t
(t, s) + rs

∂F

∂s
(t, s) +

1

2
s2σ2 ∂

2F

∂s2
(t, s)− rF (t, s) = 0,

F (T, s) = Φ(s).

The unique solution F satisfies

F (t, St) = e−r(T−t)EQ[Φ(ST ) | Ft]

for all t ∈ [0, T ]. Here, the ‘risk-neutral world’ Q is the probability measure under which St satisfies

dSt = rSt dt+ σSt dBt.

The Gai-Kapadia model of debt contagion (MAS61023 only)

A financial network consists of banks and loans, represented respectively as the vertices V and (directed)
edges E of a graph G. An edge from vertex X to vertex Y represents a loan owed by bank X to bank Y .

Each loan has two possible states: healthy, or defaulted. Each bank has two possible states: healthy, or
failed. Initially, all banks are assumed to be healthy, and all loans between all banks are assumed to be
healthy.

Given a sequence of contagion probabilities ηj ∈ [0, 1], we define a model of debt contagion by assuming
that:

(†) For any bank X, with in-degree j if, at any point, X is healthy and one of the loans owed to X
becomes defaulted, then with probability ηj the bank X fails, independently of all else. All loans
owed by bank X then become defaulted.

Starting from some set of newly defaulted loans, the assumption (†) is applied iteratively until no more
loans default.


