MAS223 Statistical Inference and Modelling

Exercises and Solutions

The exercises are grouped into sections, corresponding to chapters of the lecture notes.
Within each section exercises are divided into warm-up questions, ordinary questions, and
challenge questions. Note that there are no exercises accompanying Chapter [§

The vast majority of exercises are ordinary questions. Ordinary questions will be used in
homeworks and tutorials; they cover the material content of the course. Warm-up questions
are typically easier, often nothing more than revision of relevant material from first year
courses. Challenge questions are typically harder and test ingenuity.

This version of the exercises also contains solutions, which are written in blue. Solutions
to challenge questions are not always included, hints may be given instead. Some of the
solutions mention common pitfalls, written in red, which are mistakes that are (sometimes)
easily made.

The solutions sometimes omit intermediate steps of basic calculations, which are left to the

reader. For example, they may simply state fom Ae ™ =1 — e and leave you to fill in the
intermediate steps.
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1

Univariate Distribution Theory

Warm-up Questions

1.1

1.2

Let X be a random variable taking values in {1, 2,3}, with P[X = 1] = P[X = 2| = 0.4.
Find P[X = 3], and calculate both E[X] and Var[X].

Solution. Since P[X = 1]+ P[X = 2] +P[X = 3] = 1, we have P[X = 3] = 0.2. With this, we
can calculate

E[X] = 1P[X = 1] + 2P[X = 2] + 3P[X +3] = 1.8
E[X?] = 1°P[X = 1] + 2*P[X = 2] + 3?P[X + 3] = 3.8

Using that Var(X) = E[X?] — E[X]?, we have Var(X) = 0.56.

Let Y be a random variable with probability density function (p.d.f.) f(y) given by

y/2 for 0 <y <2
o) = 1Y/ |
0 otherwise.
Find the probability that Y is between £ and 1. Calculate E[Y] and Var[Y].

Solution. We have P[Y € [,1]] = fll/z(y/Q) dy = 3/16. Similarly,

00 2
E[Y] = / yf(y) = /O y(y/2) dy = 4/3

2
E[y?] = /0 (v/2) dy =2

so Var(Y) = E[Y?] - E[Y]? = 2/9.

Ordinary Questions

1.3 Define F': R — [0,1] by

0 fory <0;
F(y)=<y?* forye(0,1);
1 fory>1.

(a) Sketch the function F', and check that it is a distribution function.
(b) If Y is a random variable with distribution function F', calculate the p.d.f. of Y.

Solution.

(a) Sketch of F' should look like



From the graph, F' is continuous and (non-strictly) increasing. We have F(z) = 0 for
all z <0, so limg—y_ oo F'(z) = 0. Similarly, F/(z) = 1for all x > 1, so lim,_, F(z) = 1.
Hence, F' satisfies all the properties of a distribution function.

(b) We have f(y) = F'(y), so treating each case in turn,

0 fory<O0;
fly)=q2y forye(0,1);
0 fory>1.

1.4 Let X be a discrete random variable, taking values in {0, 1,2}, where P[X = n| =
for n € {0,1,2}. Sketch the distribution function Fx : R — R.

Wl

Solution. Sketch should look like

Pitfall: The graph of F' is not continuous; it jumps at 0,1, 2, and is otherwise constant.

1.5 Define f: R — [0,1] by
fz) =

0 for x < 0;
e ® forx>0.

(a) Show that f is a probability density function.
(b) Find the corresponding distribution function and evaluate P[1 < X < 2].

Solution.

(a) Clearly f(z)> 0 for all z, and

/_Zf(x)dx: /Oooe_”"d:v: [_e—x]go =1,

so f is a probability density function.



(b) We need to calculate F(z) = P[X < a] = [*_ f(u)du. For x < 0 we have F(z) =
[¥..0dz=0. For z > 0, we have F(z) = fBOO Odu+ [y e, du=0+(1—e""). Thus,

0 f <0

Flz) = or z < 0;

1—e™* forax>0.
Hence, P[1 < X < 2| =PX <2]-PX <1=PX <2]-PX <1 =F(2)—F(1) =

el —e 2.

1.6 Sketch graphs of each of the following two functions, and explain why each of them is
not a distribution function.

0 forx<O0;
a) Fz) = -
(a) Flz) {x for z > 0.
0 for x < 0;
(b) F(z) = x+ gsin2rz for 0 <z < 1;
1 forx > 1.

Solution. Sketches should look like

A
" R
////‘\/
— o S 4%7’/2«

For (a), F(z) > 1 for x > 1, so F' does not stay between 0 and 1. For (b), for x € [0,1) we
have F'(z) = f(z) = 1+ 2% cos(2rz), which is negative at, for example, z = 3, so (as is clear

from the graph) F' is not an increasing function.
1.7 Let k € R and define f : R — R by
k(x —2?) for z € (0,1),
fa) = { (x —a?) (0,1)

0 otherwise.

Find the value of k for which f(x) is a probability density function, and calculate the
probability that X is greater than %

Solution. We need f(x) > 0 for all x, so we need k > 0. Also, we need

oo 1 2 311 g
/_Oof(x)dx k/ox x* dx k‘[2 3}0 G

So, k = 6. Therefore,

P[X>;]:/1mf(x)dx:/116(:c—x2)dx:6[“;_



1.8 The probability density function f(x) is given by

1+x for —1<x<0;
flx)=q1—a for0<uz<1;
0 otherwise.

Find the corresponding distribution function F(x) for all real x.

Solution. We have F(—1) =P[X < —1] = P[X < -1} =0. So F(z) =0 for all z < —1. If

G[_lao] then
~ [ swau=re-n+ [ arwdi=or EE

Now, for z € [0, 1], we have

D= [ wa=ro+ [(a-ua=g - TR

Pitfall: Forgetting the F(0) results in missing out the term . It needs to be present because
for x € (0,1) we have

F(m)—IP)[X<.7:}—IP’[X<0]—|—]P’[O<X<J:}—F(O)—I—/m(l—u)du.
0

Note that in the case of x € [—1,0] the equivalent term was F'(—1) and was equal to 0.

Therefore, we have F'(1) = 1. Since F' is increasing and must stay between 0 and 1, we have
F(z)=1for all z > 1.

Thus the distribution function F(x) is

0, for x < -1
(z+1)? _
Fla) = 7 for -1 <z <0
1*2%, for0<z <1
1, forxz > 1
1.9 Let .
e

for all real z.

Fr) =

(a) Show that F'is a distribution function, and find the corresponding p.d.f. f.
(b) Show that f(—x) = f(x).
(c) If X is a random variable with this distribution, evaluate P[|.X| > 2].

1+e”

Solution.

(a) Since €* — 0 as * — 00, we have

. er 0
lim = — =
z——o0 1 4 7 1+0
. e’ . 1 1
lim = lim =

z—oo 1 + e% x~>00671+1_0+1:



Pitfall: Tt does not make sense to use that lim,_,,, ¢* = oo and then incorrectly claim
that % = 1.

Using the quotient rule, the derivative of f, the corresponding p.d.f. , is

(1 +e”)—e%e” e
@)= —Fer = drer

Therefore, f(z) > 0 for all x € R, so F' is an increasing function.

Since = — €® is continuous, F' is a composition of sums and (non-zero) divisions of
continuous functions; therefore F' is continuous.

Hence, F' satisfies all the properties of a distribution function.
—x €2zefz

(b) f(—z) = (1—5@*1)2 = F(lge )2 T (613:1)2 = f(x).
(c) We have

P[|X| > 2] =P[X < —2]+ P[X > 2]
=PX <-2]+(1-P[X <2])
=1 +F(—2) — F(2)

=1+ — 55 ~0.238.

1+e—2

Note that here we used P[X < —2] = P[X < —2|, which holds because F' is continuous.

1.10 Show that f(x) = =——, defined for all x € R, is a probability density function.

7r1+

Solution. Clearly f(x) > 0 for all x, and

[ v = m =2 (5 5) 1

1.11 (a) Show that

2 ifr>1
flz) = {O otherwise

is a probability density function.

(b) Show that the expectation of a random variable X, with the probability density
function f given in (a), is not defined.

(¢) For which values of r € [0,00) is [~ 27" dx finite?

(d) Give an example of a random variable Y for which E[Y] < oo but E[Y?] is not
defined.

Solution.

(a) Clearly f(z) > 0 for all z and

/00 z 2dx = [(_$—1)];:0:1 =1
1

so f is a probability density function.



(b) We have [* xfx(x) = [ 2! dz, which by part (a) is infinite. Hence the expectation
of X is not deﬁned

(¢) For r # 1 we have

o) n n—r—l—l 1
/ z "dr = lim 2 "dzr = lim
1 n—oo Jq n—o0 —r -4 1 —r+1

which is finite (and equal to ) if —r + 1 < 0 and infinite if —r +1 > 0. When r =1
we have

oo n
/ z7 e = lim z ldz = lim logn = oo
1

n—oo 1 n—0o0

Hence, [~ 2~ "dx is finite if and only if r > 1.

(d) Let
2y ifx>1
fy) = {O otherwise.
Then f(y) > 0 for all y, and

/OO fly)dy = /10021/3659: [_y72]:i1 =1

so f is a probability density function. From (a) we have that

/ v fy (y)dy = 2/1 y dy

o0 o0 _ 2
/ yfy(y)dy—2/ y 2dy:g

is finite. Hence, if Y is a random variable with p.d.f. f, then E[Y] is defined but E[Y?]
is not.

is infinite and that

1.12 The discrete random variable X has the probability function

1
PIX = 2] = P Fy for x E.N
0 otherwise.
(a) Use the partial fractions of -+ to show that P[X < z] =1— — forallz € N.

(b) Write down the dlstrlbutlon functlon F(z) of X, for z € R. Sketch its graph.
What are the values of F(2) and F(2)?

(c) Evaluate P[10 < X < 20].
(d) Is E[X] defined? If so, what is E[X]? If not, why not?
Solution.

(a) Using partial fractions we obtain the identity m = % — %H, provided z # 0, —1.
Hence, if € N,

P[X <a] =) PX =1

(-+1)
_|_ -
r x+1




(b) The distribution function is

1— -1 forué€zr,x+1) where v €N
0, foru <1

which looks like

F2)=1-%1=2and F(3)=F(1) = 5.
Pitfall: The graph of F' is not continuous. The formula obtained in part (a) is only
valid for x € N, and not for all x € R. Since X is a discrete random variable, its
distribution function jumps at the points where X takes values (i.e. at € N) and is
constant in between those points.

(¢) Since X is discrete,

P[10 < X < 20] = P[X < 20] — P[X < 9] = F(20) — F(9) = L.

Pitfall: X is discrete, and P[X = 10] > 0. So it’s F'(20) — F'(9), and not F'(20) — F'(10).

(d) Since X is discrete, E[X] is defined if and only if > 2P[X = x| converges. In our case,

this sum is equal to
o0 o0

1 1
2T T

which diverges.

To see that the sum diverges, we can write it as

DN L1, 1), (11,1 1
2) \3 4 5 6 7 8) 7

and note that each bracketed term is at least %; of course Y -2, % = 0.

Challenge Questions

1.13 Show that there is no random variable X, with range N, such that P[X = n] is constant
for all n € N.

Solution. Since X has range N we have P[X € N| = 1. If P[X = n| = P[X = 1] for all n then

we would have
(o] (o]

1=PXeN=> P[X=n]=) PX=1].

n=1 n=1

8



1.14

If P[X = 1] = 0 then P[X € N] = 0, which is impossible, but similarly if P[X = 1] > 0 then
the sum is equal to +o0o, which is not possible either.

Hence, no such random variable exists.

Recall the meaning of ‘inscribing’” a cube within a sphere: the cube sits inside of the
sphere, with each vertex of the cube positioned on the surface of the sphere. It is not
especially easy to illustrate this on a two dimensional page, but here is an attempt:

Suppose that ten percent of the surface of the sphere is coloured blue, and the rest of
the surface is coloured red. Show that, regardless of which parts are coloured blue, it
is always possible to inscribe a cube within the sphere in such a way as all vertices of
the cube are red.

Hint: A cube has eight corners. Suppose that position of the cube is sampled uniformly
from the set of possible positions. What is the expected number of corners that are red?

Solution. Let X be a cube inscribed within the sphere, orientated uniformly at random.
Strictly speaking, in three-dimensional spherical coordinates (r, 6, ¢) this means we let the
polar angle # and azimuth angle ¢ be independent uniform random variables on (0, 27). More
importantly, it means that the location of a given vertex of the cube is distributed uniformly
on the surface of the sphere.

Let X be the number of corners that are red. Label the corners from i = 1,...,8. We can
write
8
X = Z IL{Ai:red}a
i=1

where A; is the colour of the i*" corner. Here L¢a;,—red} is equal to 1 if A; is red and equal to
zero if A; is blue. Hence,

8 8
E[X] = E[l{a,—rea;] = > PlA; =red].
=1 =1

Since A; is uniformly distributed on the surface of the sphere, and 90% of the sphere is red,
we have P[4; = red] = <. Hence,

E[X] =3 x8=7.2.

Note that X can only take the values {1,2,...,8}. Since E[X] > 7, we must have P[X =
8] > 0. Therefore, there are orientations of the cube for which all 8 vertices are red.



2 Standard Univariate Distributions

Warm-up Questions

2.1 (a) A standard fair dice is rolled 5 times. Let X be the number of sixes rolled. Which
distribution (and which parameters) would you use to model X7
(b) A fair coin is flipped until the first head is shown. Let X be the total number of
flips, including the final flip on which the first head appears. Which distribution
(and which parameter) would you use to model X7

Solution.

(a) The binomial distribution, with parameters n =5 and p = #.

(b) The geometric distribution, with parameter p = %

Ordinary Questions

2.2 Let A > 0. Write down the p.d.f. f of the random variable X, where X ~ Ezp()\), and

@)
1-F(%)

calculate its distribution function F'. Hence, show that is constant for t > 0.

Solution. The p.d.f. of X is
Xe ™ for z > 0;
-}

0 otherwise.

It’s distribution function F(z) = [*_ f(u)du is clearly zero for # < 0, and for z > 0 we have
[ fw)du= [ Ae ™" du =1~ e, Therefore,

1—e M f > 0;
Fla) = e or x '
0 otherwise.

Hence, for t > 0 we have PL}%) = A:_—Ttt =\

Pitfall: Don’t forget the ‘otherwise’ case where f(z) = 0 or F(z) = 0. The same comment
applies to many other questions.

2.3 Let A > 0 and let X be a random variable with Exp(A) distribution. Let Z = [ X,

that is let Z be X rounded down to the nearest integer. Show that Z is geometrically

distributed with parameter p =1 — e~

Solution. Since X > 0, we have Z € {0,1,2,...}, hence P[Z = z] = 0 for all other z. For
n €{0,1,2,...} we have

P[Z=n] =Pn< X <n+1]

n+1
= / e M dx

_ e—)\n - e—)\(n-i-l)
= 6_)\”(1 - €_>\)

=(1-p)"p.

10



which is the probability function of the geometric distribution.

2.4 Let p € R. Let X; and X5 be independent random variables with distributions N (u, 1)
and N (u,4), respectively. Let T}, 7> and T3 be defined by

X+ X CAX + X

2 -5

Find the mean and variance of T}, Ty and T3. Which of E[T}], E[T,] and E[T3] would
you prefer to use as an estimator of u?

Tl ) T2 = 2X1 - X27 TS

Solution. We have E[T1] = L(E[X1] + E[Xs]) = E[Tb] = p. Similarly, E[T3] = E[T3] = p, so
all are unbiased when used as estimators of u. We have

Var(Ty) = (%)2 (Var(X7) + 2 Cov(Xy, X2) + Var(Xy)) = %(1 +0+4)= %

and similarly Var(Ty) = 8, Var(T}) = 1.

On this information, we prefer E[T3] as an estimator of 11, because T3 has the smallest variance
and so is likely to be closest to its mean.

2.5 Let X be a random variable with Ga(a, 8) distribution.
(a) Let k € N. Show that
ala+1)-(a+k—1)
Bk

Hence, calculate p = E[X] and 0 = Var(X) and verify that these formulas match
the ones given in lectures.

(b) Show that E [(%)3] _ 2

E[X*] =

Ta
Solution.

(a) From the p.d.f. of the Gamma distribution, we have

E[X*] :/ kaxo‘_le_’Bx dx
0 [(a)

_ /6a /OO karOzfle*,Bz dx
I'(a) Jo
B T(k+a)
- @ /@’k-i—a
Ik +a)
- B ()
(k+a-1)k+a—-2)--(k+a—k+1)(k+a—kI(x)
BT ()
ala+1)- - (a+k—-1)
Bk
To deduce the second line from the third line, we use Lemma [2.3] from lecture notes,
and to deduce the fifth line from the fourth line we use Lemma also from lecture
notes.

11



2.6

Pitfall: 1t is true that I'(n) = (n — 1)! for n € N, but if n ¢ N then (n — 1)! does not
make sense. For general o € (1,00) we have I'(a) = (o — 1)I'(ae — 1)
must be be used to deduce the fifth line above.

which is what

)

If k =1 then E[X] = ¢. If k = 2 then E[X?] = @latl) and so the variance of X is

/82
Var(X) = E[X?] - E[X]? = 250 _ & — o

With p = E[X] and 02 = Var(X), multiplying out and using the formulae from (a), we
have

E[(X —u)®] _ E[X® - 3X%u+3Xp” — pi°]

o3 o3

E[X?] — 3E[X]E[X?] 4 2E[X]?

= 3
ala+1)(a+2)  302(a+1)
33

20{3
_|_ ==
33

53

3
o
a(a? +2a + a+2 —3a? — 3a + 2a%) /53
Va3 B3

2

N

Using R, you can obtain a plot of, for example, the p.d.f. of a Ga(3,2) random
variable between 0 and 10 with the command

curve (dgamma (x,shape=3,scale=2) ,from=0,to=10)

Use R to investigate how the shape of the p.d.f. of a Gamma distribution varies
with the different parameter values. In particular, fix a value of 3, see how the
shape changes as you vary a.

Investigate the effect that changing parameters values has on the shape of the
p.d.f. of the Beta distribution. To produce, for example, a plot of the p.d.f. of
Be(4,5), use

curve (dbeta(x,shapel=4,shape2=5),from=-1,t0=2)

Solution.

(a)

(b)

You should discover that decreasing o makes the p.d.f. appear more skewed (to the
right). This makes it more likely that a sample of the random variable has a large
value.

You should discover that the parameter shapel (which we normally denote by «) con-
trols the behaviour near = 0, and shape2 (that is, 3), controls the behaviour near
x = 1. In both case, the parameters can be tuned to cause (slow or fast) explosion to
00, convergence to 1, and (slow or fast) convergence towards 0.

2.7 Suggest which standard discrete distributions (or combination of them) we should use

to model the following situations.

12



(a)

(b)

Organisms, independently, possess a given characteristic with probability p. A
sample of k organisms with the characteristic is required. How many organisms
will need to be tested to achieve this sample?

In Texas Hold’em Poker, players make the best hand they can by combining two
cards in their hand with five ‘community’ cards that are placed face up on the
table. At the start of the game, a player can only see their own hand. The
community cards are then turned over, one by one.

A player has two hearts in her hand. Three of the community cards have been
turned over, and only one of them is a heart. How many hearts will appear in the
remaining two community cards?

Use a computer to find the probability of seeing £ = 0, 1,2 hearts.

Solution.

(a)
(b)

We'll need to sample, with success probability p, until we achieve k successes. So we
will need to test N ~ NegBin(k,p) organisms to find our sample.

There are a total of 52 cards, 13 of each of the four suits. Our player can see 5 cards,
3 of which are hearts. Therefore, the unknown cards consist of 47 cards, 10 of which
are hearts. The number of hearts that will be drawn in the next two community
cards is, therefore, a hypergeometric distribution with parameters N = 47 (population
size), k = 10 (successes), n = 2 (trials). As a result (use e.g. R), P[X = 0] =~ 0.65,
P[X = 1] ~ 0.32 and P[X = 2] = 0.03.

2.8 Let X be a N(0,1) random variable. Use integration by parts to show that E[X"?] =
(n 4+ 1)E[X™] for any n = 0,1,2,.... Hence, show that

E[X"] = {0 ?f n %s odd;
(D)3)(5)...(n—1) if nis even.

Solution. Integrating by parts, for any n > 0, gives

& 1
]E[Xn]:/ xnﬁeix2/2dl'
n+1 oo o] n+1
e - [ e s

V2rn+1 oM+ 1427
o) n+2 1 1
=0 +/ X 767x2/2 doe = 7]E[Xn+2]
oo M+ 127 n+1

Rearranging slightly,

E[X""?] = (n + 1)E[X"].

Since E[X] = 0, induction gives that E[X"] = 0 for all odd n. Since E[X°] = 1, induction
gives that E[X"] = (1)(3)(5)...(n — 1) for all even n.

2.9 Let X ~ N(p,0?). Show that E[eX] = e/t7.

fed

13



Solution. Using the scaling properties of normal random variables from (2.2)), we write X =
p+Y where Y ~ N(0,02). Hence, eX = etV = ete and

1 [e¢] 2
E[e¥] = / Ve 207 dy
o
1 > 1 9 5
- — 2 d
2WU/;;KP{ 553 (U + 010} y
_ 1 / exp{ ((y—i—a )2 04)} dy
V2mo J-oo

B
ok [ 1)

o_
2

»

I
o

I
)
[

Here, we use the same method as in Example [5; in the third line we complete the square and
to deduce the final line we use that the p.d.f. of a N(—c¢?, o) random variable integrates to
1. Therefore,

Challenge Questions

2.10

2.11

Let X be a random variable with a continuous distribution, and a strictly increasing
distribution function F. Show that F'(X) has a uniform distribution on (0, 1).

Suggest how we might use this result to simulate samples from standard distributions.

Solution. Since F is strictly increasing, it has an inverse function F~!. For z € (0,1), we
have

P[F(X)<z] =PX < F Y (2)] = F(F () = z.
Hence, F(X) has the uniform distribution on (0, 1).

We write this as U = F(X), where U is uniform on (0,1). Therefore, F~}(U) = X. Conse-
quently, if we can simulate uniform random variables, and calculate F~!(z) for given x, we
can simulate X as F~1(U).

In fact, this is a very common way of simulating random variables. Recall that a distribution
function F' is not necessarily strictly increasing, but it is necessarily non-strictly increasing.
With some care, it is possible to extend this result to cover the general case. For many
standard distributions, F~! can be computed explicitly.

Prove that I'(3) = /7.

Hint. Thanks to the normal distribution, you know that ffooo e~ /2 dr = /2.

14



3 Transformations of Univariate Random Variables

Warm-up Questions

3.1 Let g : R — R be given by g(z) = 23 + 1.

(a) Sketch the graph of g, show that ¢ is strictly increasing, and find its inverse
function g~!.

(b) Let R =[0,2]. Find g(R).

Solution.

(a) A sketch of the function g looks like

o
d

It is clear from the graph that g is strictly increasing. If we set y = 2> + 1 then
z = (y — 1)Y/3, so the inverse function is ¢~ (y) = (y — 1)'/3.

(b) We have g(0) =1 and g(2) =23+ 1 =19, s0 g(R) = [1,9].

Ordinary Questions

3.2 Let X be a random variable with p.d.f.

fx(z) =

2 forx>1
0 otherwise.

Define g(x) = e* and let Y = g(X).

(a) Show that g(x) is strictly increasing. Find its inverse function g~!(y), and dg;—;(y).

(b) Identify the set Rx on which fx(z) > 0. Sketch g and show that g(Rx) = (e, 00).
(¢) Deduce from (a) and (b) that Y has p.d.f.

o) = (log y)_% fory > e
0 otherwise.

Solution.
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(a) We have d“é—(;) =¢e% >0, so g is strictly increasing. If we have y = ¢* then x = logy, so
the inverse function is g~ !(y) = logy. Hence dg:li;(y) = %

(b) fx(z) is non-zero for x € Ry = (1,00). A sketch of g looks like

B
0

and hence g(Rx) = (e, 00).
(¢) Since g is strictly increasing, we can use the formula

o) = {fx(g‘l(y)) X ’d“’%fy)‘ if y € g(Rx)

0 otherwise,

_{aogg)Q fory > e

0 otherwise.

3.3 Let X be a random variable with the uniform distribution on (0, 1), and let Y = #

where A > 0. Show that Y has an Exp(\) distribution.

Solution. We have fx(z) =1 for z € (0,1) (and fx(z) = 0 otherwise). Hence Rx = (0,1).

Our transformation is g(z) = 71;“. For x > 0 we have g—g = ;—; < 0, so g is strictly
decreasing. A sketch of ¢ looks like
%L}Q A
>
o nw
from which we can see that g(Rx) = (0, 00).
Writing y = _ligx, we have z = e so g7 (y) = e ™ and di’l—;l = —Ae~ ™. Hence, we can

apply Lemma to find fy(y). Thus,

) {fx<g—1<y>> 450 for y € g(Rx)

0 otherwise.



Hence, using parts (a),(c) and (d) we obtain

fr(y) =

Ae™  for y € (0, 00);
0 otherwise.

This is the p.d.f. of the Fxp(\) distribution. Hence, Y ~ Exp(\).

Pitfall: Don’t forget to comment that g is strictly decreasing (or increasing), or else it isn’t
clear that you've checked whether or not Lemma [3.1] applies.

3.4 Let a, > 0.

(a) Show that B(a, 8) = B(f, ).

(b) Let X be a random variable with the Be(a, §) distribution. Show that Y =1—X
has the Be(8, ) distribution.

Solution.
(a) We have B(a, 8) = L@l@) _ TOI) _ p(g o),

T(a+p) T(a+p)
(b) We aim to use Lemma We have

() = me‘AO — )81 for z € (0,1);
0 otherwise.

Define g : (0,1) — (0,1) by
gz)=1-=x

and then Y = g(X). Note that g is strictly decreasing on (0,1). We have g~ '(y) = 1—y
and %9~ = —1. A sketch of g looks like

G m

1 o
(1—y)* "t x|—1].

o = 1xta™ ) || =

for y € (0,1), giving

fy(y) = %yﬂfl(l —y)* fory € (0,1);
0 otherwise.

This is the p.d.f. of the Beta(f, ) distribution.
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3.5 Let a > 0.
(a) Show that B(a,1) = 2.
(b) Let X ~ Be(a, 1) distribution. Let Y = v/X for some positive integer . Show

that Y also has a Beta distribution, and find its parameters.

Solution.

(a) From Lemma [2.2] we have I'(a + 1) = oI'(cv), hence

_Tlra@) _ 1
B(a,1) = Ta+tl) a

(b) We aim to use Lemma From (a) we have,

fx(z) = {B(Cl‘:l)%()t_1 for z € (0,1),

0 otherwise,

~ Jax*t forz € (0,1),
0 otherwise.

Hence, Rx = (0,1). The function g(z) = J/x

A

is strictly increasing on (0,1) and g(Ry) = (0,1). We have g~ (y) = y" and %gil(y) =
ry"~!. Hence, by Lemma for y € (0,1) we have

fy(y) _ ayr(a—l) . Tyr—l _ ,rayra—l.
Thus,
Fr(y) = ray™1 ify € (0,1)
0 otherwise

which is the p.d.f. of a Be(ra,1) distribution. So Y has a Beta distribution with
parameters ro and 1.

3.6 Let X have a uniform distribution on [—1,1]. Find the p.d.f. of | X| and identify the
distribution of | X|.

Solution. If x < 0 then P[|X| < 0] = 0. And since | X| € [0,1], if x > 1 we have P[|X| < z] =
1. For z € [0,1] we have

P[X| <] =Pl-z < X <a] = JCfX(u)du:/x %du:x.

—T
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3.7

3.8

Differentiating, we have

Fx(a) = {1 for x € [0,1];

0 otherwise.

Therefore, | X| is uniform on [0, 1].

Pitfall: If we try the ‘standard” method of Lemma we’ll have g(z) = |z|, which is not

monotone on [—1,1]; so the formula fy(y) = fx (g’l(y))\%\ does not apply here — and it
will give the wrong answer. '

The same issue applies to several other questions in this section.

Let a, f > 0 and let X ~ Be(a, 3). Let ¢ > 0 and set Y = ¢/X. Find the p.d.f. of Y.

Solution. We aim to use Lemma[3.1] We have X ~ Be(a,3) and Y = ¢/X, so set g(z) = ¢/x
where ¢ : (0,1) — R.

e

Therefore, g is strictly decreasing on (0,1). Then g~ !(y) = &, and % = ;—2’3 Further,

fx(x) >0 forx € (0,1), Rx = (0,1) and g(Rx) = (¢,00). Hence, for y > ¢ we have

W= (8) 7 (-9)

@ (y—c)f!
~ B(a,B)  y>tP

w‘“

For y < ¢, we have fy(y) = 0.

Let © be an angle chosen according to a uniform distribution on (-7, %), and let
X =tan ©. Show that X has the Cauchy distribution.

Solution. We aim to use Lemma (with X = ©). The random variable © has a U(—7%, %)
distribution, so

1 s s
= for — 2 <0<?Z;
foo)=qm 2T
0 otherwise.
The function g(f) = tan6 is strictly increasing on the range of ©, that is on (-3, 7).

19



(Y

~X, B

Moreover, g~!(y) = arctan(y) and g~'(y) € (=%, %) for all y € R. Hence, for all y € R,

dg_1
dy

1 1

7142

) = folo™ ) ]

Hence, Y has the Cauchy distribution.
3.9 Let X be a random variable with the p.d.f.

1+2 for —1<x<0;
flz)=<21—2 for0<z<1;

0 otherwise.

Find the probability density functions of

(a) Y =5X+3
(b) Z =[X|
Solution.

(a) The function g(x) = 5z + 3 is strictly increasing, so we can use the formula

) = fx(g () ‘dygl(y)'

on each of the intervals in the definition of fx. We note g~ *(y) = yT% and d%g*l(y) =
=)

-3
L+ 557

fry) =4 (1-%2

for _1<yT—3<0

Ul= Gl

for 0 < Y23 <1

0 otherwise

{y—? for —2<y<3

= 82_5y for3<y<8

0 otherwise.
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(b) The function g(z) = |z

is not monotonic, so instead we use that for z > 0

FZ(Z) = P[Z<Z]
= z<X<z

B foz +u) du+ [{(1—u)du forz<1
N 1 for z >1
B 22— 22 forz<1
N 1 for z > 1.

If 2 < 0 then P[|X| < z] = 0. So the p.d.f. of Z is

fZ(Z):CZFZ(Z)Z{ 21-2) 0<z<1

otherwise.

3.10 Let X have the uniform distribution on [a, b].
(a) For [a,b] = [—1,1], find the p.d.f. of Y = X2.
(b) For [a,b] = [—1,2], find the p.d.f. of Y = | X]|.
Solution.

(a) The probability density function of X is

frln) = {% for x € [-1,1],

0 otherwise.

We have Y > 0, so fy(y) =0 for y < 0. For y € (0, 1] we have

V¥ 1
P[ng]zmosx%mzm—@sxsmzfﬂdyzﬁ-
—VY

Thus, P[Y < 1] =1 and hence P[Y < y| =1 for all y > 1. Differentiating, we obtain

0 for y <0,
fr(y)=q gy~ '/* forye(0,1],
0 for y > 1.

(b) The probability density function of X is

L forze[-1,2]
x — 3 ) M
Jx(@) {O otherwise.

We have Y > 0, so fy(y) =0 for y < 0. For y > 0, we need to consider three cases;
y € (0,1 and y € (1,2] and y > 2.
For y € [0, 1], we have



For y € (1, 2], we have
2 (V1 2 y—1
MYSMzPW§U+PD<X§m2+/T(@:+y
37 ), 39737 73

For y < 2, we note that P[Y < 2] = 1 from the previous case, so P[Y < y] = 1 for all
y > 2.
Differentiating, we obtain

fory <0ory> 2,

for y € [0, 1],
for y € (1,2].

fr(y) =

Wik wio O

3.11 Let X have a uniform distribution on [—1,1] and define g : R — R by

(2) = 0 forxz<O0;
g )22 forz>0.

Find the distribution function of g(X).

Solution. Clearly Y = g(X) >0, so P[Y < y] =0 for all y < 0. We have

0 1

1
—dr = —.
2

Myzmzmxgm:/ 5

-1
For y € (0, 1] we have

2 2 2
which means that P[Y < 1] =1 and hence P[Y < y|] =1 for all y > 1.

1 VY +1
P[ygy]:P[Y:0]+P[O<Y§y]=+/ *dy:\/@
0

To sum up,
0 for y < 0,
1
= fory=0
Fy(y) =<2 ’
v \/g;l for y € (0, 1],
1 for y > 1.

3.12 Let X be a random variable with the Cauchy distribution. Show that X! also has
the Cauchy distribution.

Solution. The random variable X has p.d.f. fx(z) =
by g(z) =1/z.

7ﬂ(1}rx2). Define g : R\ {0} — R\ {0}

[}
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Note that P[X = 0] = 0, so the distribution of Y = 1/X is still well defined. We have
Y = g(X), but g is not strictly monotone (for example, g(—1) < g(1) > g(2)).

We plan to show that P[Y < y] = P[X < y| for all y € R, which means that X and Y have
the same distribution function; hence the same distribution.

Let us look at the case y = 0 first. There is no value of x € R such that g(z) = 0, so
P[Y = 0] = 0. Since X is a continuous distribution, P[X = 0] = 0. Also X < 0 if and only if
Y <0, so we have P[X < 0] =P[X < 0] =P[Y < 0] =P[Y <0].

For y < 0, we have

0 1
A (1 + z?) de

Y

— 1 —1
‘A A @) 2 v

Here, we substitute = 1/v. For y > 0, we must split into two cases, giving

Pl <y = PIX < 0]+ P} < X]

:P[X<O}+/1dex
o 1 ~1
:P[X<0}+/Oyﬂ(1}r02)dv

=P[X <0]+P0<X <y]=P[X <yl

Again, we substitute x = 1/v.

Hence, P[X < y] =P[Y <y] for all y € R. Since X has a Cauchy distribution, so does Y.

Challenge Questions

3.13 If we were to pretend that g(z) = 1/x was strictly monotone, we could (incorrectly)

apply Lemma and use the formula fy(y) = fX(g_l(y))|%| to solve [3.12] We
would still arrive at the correct answer. Can you explain why?

Can you construct another example of a case in which the relationship fy(y) =
fx (gfl(y))|%| holds, but where the function g is not monotone?

Hint. Carefully examine the proof of the formula for fy(y) = fx (g_l(y))|di’l—;| when g is
strictly monotone, and compare it to the solution of

In general though, if g is not strictly monotone, the formula will not work!

3.14 Let Y and a, 8 be as in Question [3.7]
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(a) If a > 1, show that E[Y] = <etfD)

a—1

(b) If @ <1 show that E[Y] is not defined.

Solution.

(a) We use that Elg(X)] = [*°_g(z)fx(x)dz. So

(5] - [ Lo
— /01 ;B(;,B) 271 —2)P tdx

1
= 7B(; 3 /0 xa72(1 — x)ﬁfl dx

_ cB(a—1,5)
B(a, )

Expanding the Beta functions here in terms of the Gamma function, and using that
INa)=(a—1I'(a—1), we get

L(a—1)T(8) I (a—1)T(8)
(Lletp-) _  T@tp-D cla+pB-1)
T@I(B) (@Dr@Dr@)  a—1
T'(a+3) (a+B8-1)I'(a+B-1)

If we try to calculate E[Y] then, using the p.d.f. obtained in b) we want

s ) <y y c>ﬁ_ly_a W 3.1)

We need to show that the integral does not converge. The idea is to note that y —c ~ vy,
for large y, which means that (%)5_1 ~ 1; leaving us with fcoo y~“dy which diverges
to oo.

To implement this idea, we could begin by noting that

e © [y —¢ B-1
(13.1) > / ( ) y Y dy 3.2
- B(Ox,ﬁ) c+1 Yy ( )
Since y > ¢ + 1, we have CJ%l < % < 1. If 8> 1 then (%)5_1 > W, and if

B € (0,1] then (%)5_1 > 1. Hence,

c® 1 o
min ,1 / Yy~ *dy.
a, 3) <(C + 1)1 > e+l

Since [°7 y~“dy diverges for a < 1, we have that E[Y] does not exist for such a.
c+1

3.2) >
6> 5
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4

Multivariate Distribution Theory

Warm-up questions

4.1

4.2

Let T = {(z,y) : 0 <z <y} Define f:R* — R by

) = {e‘zx_y for (x,y) € T;

0 otherwise.

Sketch the region T'. Calculate [° [° f(z,y) dzdy and [;° [° f(z,y) dy dz, and verify
that they are equal.

Solution. See[d.2] for a sketch of T. We have

o) -1 )
/ f T,y d:vdy—/ / —2 d:Udy—/ e Y [6_295] dy
=0 =0 0 2 =0
_ —1 2y 1 I R
_/Oe <2e +2>dy—2/oe e Ydy
1

and

e —1 > 1
— / —290 T 0 — / e—Sx dr = |:e—3x:| =,
0 3 =0 3

Pitfall: 'We must be careful to get the limits on the integrals correct. For ] j ... dydx, we
first allow x to vary between 0... o0, which means that to cover T" we must allow y to vary
between x and co. We think of covering T by vertical lines, one for each x = 0. .. 00, each
line with constant x and with y ranging from x up to oco. It’s helpful to draw a picture.

which are equal.

Alternatively, for [ [ ... dzdy, we first allow y to vary between 0 and oo, which means that
to cover T" we must allow x to vary between 0 and y. We think of covering 7" by horizontal
lines, one for each y = 0... 00, each line with constant y and with = ranging from 0 up to y.

Sketch the following regions of R?.

(a) S={(z,y) : x€][0,1],y €]0,1]}.
(b) T ={(z,y) : 0 <z <y}
(c) U=A{(z,y) : z€]0,1], y €[0,1], 2y > z}.

Solution.
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Ordinary Questions

4.3 Let (X,Y) be a random vector with joint probability density function

kem@t) if 0 <y <

0 otherwise.

fxy(z,y) = {

(a) Using that P[(X,Y) € R?] = 1, find the value of k.

(b) For each of the regions S,7,U in calculate the probability that (X,Y) is
inside the given region.

(¢) Find the marginal p.d.f. of Y, and hence identify the distribution of Y.

Solution.

(a) Since P[(X,Y) € R* =1, we have [ [* fxy(z,y) dy dz = 1. Therefore,

x o0 k
1 = k/ / —(z+y) dy dr = k/ [_e—(x-i-y)} . dxr = k-/ (e—w — 6—290) dxr = 5
y= 0

Hence, k = 2.
(We could also calculate k [ fyoo e~ @+Y) dx dy, with the same result.)

Pitfall: 'We must be careful to get limits of the inner integral correct. Allowing x to
vary from 0. .. o0, and then allowing y to vary from y = 0...x, draws out precisely the
range of (z,y) that make up {(z,y) : 0 <y < z}.

It’s very helpful to draw a sketch of the region you're trying to integrate over:

See for details of a similar case. The same issue applies to part (b) of this question,
and to many others.
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(b) We have

1 rz 1
P[(X,Y) e S| = / / 2e~ (V) dy dx: = 2/ el —eTdr=—2 4?41
0 JO 0

Since fxy(z,y) =0 for all (z,y) € T, we have P[(X,Y’) € T] = 0. Lastly,
1 rx
P[(X,Y)e U] = / / 2¢~ () dy dx:
0 Jz/2

! 4 1
= / 2 (—6_233 + 6_31/2) dr=e?— 324 2.
. 3 3

(In each case, we could instead calculate the dx dy integral, with appropriate limits.)
(c) We integrate x out, giving, for y > 0,
oo (o] 00
fr(y) = / fxy(z,y)de = 2/ e ") dy = 2 [—e*(ﬁy)} = 2¢7 %,
o y

=Y

So Y has an Exponential distribution with parameter A = 2 (or, equivalently, a Gamma
distribution with parameters « = 1 and 8 = 2).

4.4 Let S =[0,1] x [0,1], and let U and V' have joint probability density function

4u+2v (U,U) c S;

fov(u,v) = { 3

0 otherwise.

(a) Find P[U +V < 1].
(b) Find P[V < U?.

Solution.

(a) We need to integrate the joint p.d.f. over the subset of (u,v) where u + v < 1. Note
that the joint p.d.f. is only non-zero when v > 0 and v > 0. So, we need to integrate
over

{(w,v) : 0<u<1,0<v<1-u}

and we get

1 1—u4 2) 1 1
P[U+V§1]:/ / “; ”dvdu=3/ (du(l — ) + (1 — u)?) du
0 0 0

1 [t 1
:3/0 (1+2u—3u2)du:§.

(b) We need to integrate the joint p.d.f. over the subset of (u,v) where v < u%. Note that
the joint p.d.f. is only non-zero when u € [0, 1] and v € [0,1]. So, we need to integrate
over

{(u,v) : 0§u§1and0§v§u2}

and we get

1 pu? 1
A+ 2 1 2
IP[VSUz]—// vt ”dvdu_/ a0 4 utdu = <.
o Jo 3 3/ 5
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4.5 For the random variables U and V in Exercise (4.4}

(a) Find the marginal p.d.f. fy(u) of U.

(b) Find the marginal p.d.f. fy (v) of V.

(c) For v such that fy(v) > 0, find the conditional p.d.f. fyjy—,(u) of U given V = v.
(d) Check that each of fy, fy and fyy—, integrate over R to 1.

(e) Calculate the two forms of conditional expectation, E[U|V = v], and E[U|V].

Solution.

(a) We must integrate v out of frry (u,v). For u € [0, 1] this gives

oo 1
4 2 4 1
:/ fUV(u,v)dv:/ vt Ydv = vt .
Lt o 3 3

For u ¢ [0, 1] we have fr v (u,v) =0 so also fyr(u) = 0. Hence, the p.d.f. of U is

dutl  for 4 € [0, 1];
Jou)=<¢ 2 .[ |
0 otherwise.

(b) Now, we integrate u out. For v € [0, 1] we have

o0 Y + 2 20 + 2
U)Z/ foy(u,v) du:/ u;: S du = v; -
—00 0

For v ¢ [0,1] we have fyv(u,v) =0 so also fy(v) = 0. Hence, the p.d.f. of V is

2052 for v € [0, 1];
o) ={ 3 0.1
0 otherwise.

(c) When fy(v) > 0, we have fyjy—,(u) = fU}&EZiv), which means that for v € [0,1] we
have
{2"+” for u € [0, 1];

v+1
0 otherwise.

Joy=o(u) =

1
(d) We check that fl dutl gy, [2“2;“]0 = 1, and that fl 22 gy = [2”2%2“}0 =1 and

1
finally that fl ijvv u = [“iizu} .= 1 as required.
u=

(e) For v € [0,1] we have

%) 1 5
g(v) =E[U|V =] :/ ufUV:v(U)du:/O Mdu

—0o0
1 2u3+vu21 1 2+U
14w 3 2 Jueo 140v\3 2/

Therefore, E[U|V] = g(V) = 2 (3 + ¥).
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4.6

4.7

Let (X,Y) be a random vector with joint probability density function

<

%x xE[—l,O],yE [Oal]a
fX,Y(fan) = xgﬂ LS [07 1]7y S [07 1]7
0 otherwise.

Find the marginal p.d.f. of X. Show that the correlation coefficient X and Y is zero.
Show also that X and Y are not independent.

Solution. The marglnal p.d.f. of X is given by fx(x fO fxy(z,y) dy. If z € [-1,0] then

this is fo U2 dy = 1222 and if z € [0,1] it is fo x;y dy = H2Z; otherwise it is zero. This
gives E[X] =0, because fx(x) = fx(—xz).

To find E[XY] we calculate

1 0 2. .2 1,12 2
//xyfxya:y de dy = // dedy—i—/ Wdzdy
0 -1 0 JO

Hence, the covariance is E[XY]| —E[X]E[Y] = 0 (note that we do not need to know the value
of E[Y]). Hence the correlation coefficient is also zero.

To show dependence, we will show that the joint p.d.f. of X and Y does not factorise into the

marginal densities. For example, dividing fx y(z,y) by fx(x) gives 21(3_/:;? if z € [0,1] and

§y 296) if x € [-1,0], which does not depend only on y, so cannot be equal to fy (y). Hence,

X and Y are not independent.
Let X be a random variable. Let Z be a random variable, independent of X, such that
PZ=1=PZ=-1]= % Let Y = XZ.

(a) Show that X and Y are uncorrelated.

(b) Give an example in which X and Y are not independent.

Solution.

(a) We have

Note that to deduce the second line we use the independence of X and Z, and to deduce
the third line we use that E[Z ] =(-1)s+Di=0.

(b) Let P[X = 0] = P[X = 1] = 1, which means that P[Y = 1] = P[Y = —1] = 1 and
P[Y = 0] = 1. We have
PX=1Y=1=PX=1Z=1=PX=1PZ=1=31=1
PIX =1P[Y =1] =3} =1



Hence X and Y are not independent.

In fact, any example in which X is not equal to a constant will result in X and Y not
being independent. Challenge question: prove this.

Pitfall: 1f X and Y are independent then Cov(X,Y) = 0. However, there are many examples,
such as this one, of cases in which Cov(X,Y) = 0 where X and Y are not independent.

4.8 Let X and Y be independent random variables, with 0 < Var(X) = Var(Y) < oc.
Let U = X +Y and V = XY. Show that U and V are uncorrelated if and only if
EX]+E[Y]=0.

Solution. Recall that U and V' are uncorrelated if and only if Cov(U, V) = 0. Using that X
and Y are independent, we note that

Cov(U,V) = E[UV] — E[U]E[V]

=E[(X +Y)XY] -E[XY|E[X + Y]

= E[X?Y + Y2X] - E[X]E[Y](E[X] + E[Y])
= E[X?E[Y] + E[Y2]E[X] E[X]?E[Y] — E[X]E[Y]?
= E[Y] (E[X?] - E[X]*) + E[X] (E[Y?] - E[Y]?)

= E[Y] Var(X) + [ | Var(Y)

(E[Y] + E[X]) Var(X)

The last line follows because Var(X) = Var(Y'). Hence, U and V are uncorrelated if and only
if E[X] = —E[Y].

4.9 Let A > 0. Let X have an Fxp()) distribution, and conditionally given X let U have a
uniform distribution on [0, X]. Write down E[U|X] and Var(U|X), and hence calculate
E[U] and Var(U).

Solution. Recall that the uniform distribution on (0, 2) has mean § and variance % We have
E[U] = E[E[U|X]] and, since U is uniformly distributed on (0, X) we have E[U|X]| = X/2.
Hence, E[U] = E[X/2] = 5%

Similarly, Var(U|X) is equal to the variance of a uniform distribution on (0, X), which (from
the sheet of distributions, or by a simple calculation) is 12 Hence,

2
Var(U) = E[Var(U|X)] + Var(E[U]X]) = [)1(2] + Var <)2(> 12,11 5

4.10 Let k € R and let (X,Y) have joint probability density function

kxsin(zy) for x € (0,1),y € (0,7),
0 otherwise.

fX,Y(JU,y) = {

(a) Find the value of k.
(b) For z € (0,1), find the conditional probability density function of Y given X = x.
(c) Find E[Y|X].
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Solution.

(a) We have P[(X,Y) € R? =1, so

1=

1 0
//xsin(my)dydx
0o Jo
1

| = eostan-y da
J€11<—(XB(wx)dx

k
k

I
=

Hence, k£ = 1.
(b) First, we need the marginal density of X. For y € (0, 7) we have

o) = [ o) dy = | sintandy = (= costanlg = 1 = cos(ra).
Hence,

1 —cos(mx) for x € (0,1),
fr(z) = (mz) _( )
0 otherwise.

Therefore, for x € (0,1), we have

z sin(zy)
= fX’Y(x’ y) — 1fscos(7r:):) for y € (07 7T)7
fY\X:x(y) fX(«T)

0 otherwise.

(¢) Therefore, for x € (0,1) we have

> T

OOZ/fY|X=m<Z/) dy = 1—(2()8(71’1’)/0 ysin(zy) dy

EMX—ﬂ—/

To calculate the above, we use integration by parts to show that

s _1 7T T 1
/ ysin(zy) dy = [y cos(:cy)} + / — cos(zy) dy
0 X y=0 o T

™

::Zcoaﬂx)+-{;ésnmxyﬂ

y=0
1
= gcos(wx) + - sin(mz).
Hence,
1 1.
EY|X =2] = ——— | mcos(mz) — — sin(mx)
1 — cos(mx) x

which means that E[Y|X]| = #b(m) (mcos(mX) + +sin(rX)) .

4.11 Let U have a uniform distribution on (0, 1), and conditionally given U let X have a
uniform distribution on (0, U).

(a) Find the joint p.d.f of (X,U) and the marginal p.d.f. of X.
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(b) Show that E[U|X = z] = &1L,

log x
Solution.

(a) We have

1/u for x € (0,u), 1 forue (0,1),
. fu(u) = .
0 otherwise, 0 otherwise.

Ixju(zlu) = {

fxju(@,u)

The joint pdf fx y(z,u) satisfies fx y(x|u) = 7o When fu(u) >0, hence

1/u for u e (0,1),x € (0,u),

e (u) = / '( ),z € (0,u)
0 otherwise.

) 1u for0<z<u<l,
o otherwise.
Hence, the marginal p.d.f. of X is
@) fccl 1/udu for z € (0,1), —logz for x € (0,1),
Xr) = =
X 0 otherwise, 0 otherwise.

(b) To calculate E[U|X = 1], we need the conditional p.d.f. of U given X = z, which is

M: {ugéx for u € (z,1)

fU\X(u|x) - Ix(z) 0 otherwise,

defined for x € (0,1). Hence,

]E[U|X:av]:/C>Q ufUX(u\x):/lu_ldu:w_l.

o ulog(x) log

4.12 Let (X,Y) have a bivariate distribution with joint p.d.f. fxy(z,y). Let yo € R be such
that fy(yo) > 0. Show that fx|y—,,(z) is a probability density function.

Solution. We must check that fxy—,, is non-negative and integrates to 1.

Since fxy(z,y) > 0 and fy(yo) > 0, we have that fx|y—,,(z) = &MJO) > 0. Further,

fy (o
> < fxy(z, yo)
_o(x)dr = =t dx
/;oo fX|ny0( ) —00 fY yO

( / fxy (2 y0)d
1

fy(yo)fY(yO) 1,

as required. Here we use the definition of the marginal distribution fy (y f fxy(z,y)de.
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Challenge Questions

4.13 Give an example of random variables (X,Y, Z) such that

IP[X<Y]:P[Y<Z]:IP[Z<X]:§.

Solution. Let X be uniformly distributed on the three element set {0,1,2}. Set Y = (X +1)
mod 3, and Z = (Y +1) mod 3. Of course, then X = (Z + 1) mod 3.

The real puzzle, of course, is how to dream up this example (or another that does the same
job).

This question is related to the observation that, in an election between three candidates
A, B,C, it is possible for more than half of the voters to prefer A to B, for more than half
to prefer B to C, and for more than half to prefer C to A.

33



5 Transformations of Multivariate Distributions

Warm-up Questions

5.1 (a) Define u = z and v = 2y. Sketch the images of the regions S,T and U from
question in the (u,v) plane.

(b) Define u = x +y and v = x — y. Sketch the images of the regions S,T" and U
from question in the (u,v) plane.

Solution.

Ordinary Questions
5.2 The random variables X and Y have joint p.d.f. given by

ze ¥ ifz € (0,2),y € (0,00)
0 otherwise.

fxy(z,y) = {

Define u = u(x,y) =z +y and v = v(z,y) = 2y. Let U = u(X,Y) and V = v(X,Y).

(a) Find the inverse transformation x = z(u,v) and y = y(u,v) and calculate the

value of J = det (gjjgjj gz’fgﬁ ) :

(b) Sketch the set of (z,y) for which fxy(z,y) is non-zero. Find the image of this
set in the (u,v) plane.
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(¢) Deduce from (a) and (b) that the joint p.d.f. of (U, V) is

(u—2)e /2 forv>0,v€ (2u,2u—4)
u,v) = '
fuy (w) { 0 otherwise.

Solution.

(a) The inverse transformation is y = § and 2 = u —y = u — 5. Hence,

1 -1 1
= det 2 ) ==,
! e(o ;) 2

(b) fx,y(x,y) is non-zero when z € (0,2) and y € (0,00). Call this set R. The set R is
bounded by the three lines x = 0, x = 2 and y = 0. In the (u,v) plane these lines map
respectively to v = 2u, v = 2u — 4 and v = 0. The point (z,y) = (1,1) € R maps to
(u,v) = (2,2), so R maps to the shaded region S in the (u,v) plane:

We can describe S as the set of (u,v) such that v > 0 and v € (2u — 4, 2u).
(c) Using (a) and (b), we have

fxy (u—1%,%) x|J| for (u,v) €S
u,v) =
fow (4, 0) { 0 otherwise
B T(u— %)6_”/2 for v > 0,v € (2u —4,2u)
o otherwise.

5.3 The random variables X and Y have joint p.d.f. given by

Lz +y)e @t forz,y >0
fxy(@,y) = 2(7+9) Y=
0 elsewhere.

Let U=X+Y and W = X.

(a) Find the joint p.d.f. of (U, W) and the marginal p.d.f. of U.
(b) Recognize U as a standard distribution and, using the result of Question [2.5|a),
evaluate E[(X + Y)?].

Solution.

35



(a) Define U = X +Y and W = X so that Y = U - X = U — W. The set H =
{(z,y) : x,y > 0} is bounded by the lines x = 0 and y = 0, which respectively
map to w = 0 and v = w. The point (1,1) is mapped to (2,1), so H is mapped to
H ={(u,w) : 0 <w <u}:

We have

or_,or_ | ay_
ou | ow

and so the Jacobian is

We thus have

%ue‘“, 0<w<u

0, otherwise.

Joow (u,w) = fxy(w,u—w)x |J| = {

Pitfall: 'We must remember to specify the region on which the pdf fi,w is non-zero; this
is the region on which fx y is non-zero, mapped through the transformation (z,y) —
(u,v). The same applies to almost all questions in this section.

(b) Therefore, the marginal p.d.f. of U is given by

_ - _ “1 —u _1 —u u_12—u_ 1 3—1_—u
fU(U)_/—ooqu(u’w)dw_/o 5 ue dw—2ue [w]0—2u e —F(3)u e

for u > 0, and 0 otherwise, which means that U ~ Ga(3,1). From Question we

have
33+1)---(3+k—1)

1k
which, for k = 5, gives E[(X +Y)?| =3(4)--- (7) = T = 2520.

E[(X 4+ Y)¥ = E[U*] = =3(4)---(2+k)

5.4 Let X and Y be a pair of independent random variables, both with the standard normal
distribution. Show that the joint p.d.f. of (U, V) where U = X? and V = X% +Y? is
given by

L2y~ 12 (p — )2 for0<u<w

Jov(u,v) = {SW

0 otherwise.

Solution. We have X = /U and Y = /V — U. The density

1

fxy(z,y) = fx(@)fy(y) = %6_(902*‘3/2)/2
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is positive for all (z,y) € R?, and the transformation maps R? to the set {(u,v) : 0 <u < v}.
We have

Or 4 app O _ o Oy —12 Y —1/2

and so the Jacobian is
1,,-1/2 0
U _ _
J:det<_12 12 B _1/2>:}Lu 12y —u)=1/2,
2(” )
Hence, for v > u > 0 we have
1 e — _
fuv(u,v) = fxy(Vu, Vo —u) x |J| = P P2y — )72,

and fyv(u,v) = 0 otherwise.

5.5 Let (X,Y) be a random vector with joint p.d.f.

2e~ (@) x>y > 0;
0 otherwise.

fX,Y(x> y) = {

(a) If U =X —Y and V =Y/2, find the joint p.d.f. of (U, V).
(b) Show that U and V' are independent, and recognize their (marginal) distributions
as standard distributions.

Solution.

(a) We have

Foy = 2e= () x>y >0
oY 0 otherwise,

and if (u,v) = (z—vy,y/2) then (z,y) = (u+2v,2v). The Jacobian of this transformation

is
1 2
det (0 2> = 2.

The region T' = {(z,y) : x > y > 0} is described by = > y and y > 0, which
respectively become u > 0 and v > 0. So,

4o~ (1) for 44 > 0,0 > 0

0 otherwise.

fU,V(u’ U) = {

(b) fuv(u,v) factorises as g(u)h(v) where

g(u) = {e‘“ u >0

0 otherwise

and

4—41}
h(v):{e v >0

0 otherwise,

so U and V are independent. We recognise g(u) and h(v) as the probability density
functions of Fxp(1l) and Fxp(4) random variables respectively, so U ~ FExp(1l) and
V ~ Exp(4).
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5.6

Pitfall: 'We could calculate the marginal distributions of U and V' by integrating out vari-
ables, but it is much more efficient to spot that we can factorize fy v (u,v) into fy(u)fv(v),
where fry and fy are probability density functions. We know, in advance, that it will be
possible to factorize in this way because they question told us that U and V would be inde-
pendent.

The same issue also applies to many of the following questions.

Let X and Y be a pair of independent and identically distributed random variables.
Let U=X4+Yand V=X -Y.

(a) Show that Cov(U, V) = 0, and give an example (with justification) to show that
U and V' are not necessarily independent.

(b) Show that U and V are independent in the special case where X and Y are
standard normals.

Solution.
(a) We have

Cov(U,V)=E[(X+Y)(X -Y) -EX +Y]E[X - Y]
— E[X?] - E[Y?] - (E[X]? ~ E[Y]?)
= Var(X) — Var(Y) = 0.

The last line follows because X and Y have the same distribution. Hence, U and V are
uncorrelated.

For the example, suppose that the common distribution of X and Y is such that they
are equal to 1 with probability % and equal to 0 with corresponding probability % Then,
P[U =2] = 1, and if U = 2 then X =Y = 1, which means V = 0. So U and V are not
independent;

1 1
P[U:2,V:0]:Z =+ IP’[U:2]IP’[V:0]:P[X:Yzl]IF’[X:Y:()]:E.
In fact, most possible examples result in U and V' not being independent, and this one
1s chosen for its simplicity.

(b) If X and Y are standard normals, then by independence we have

1
fxy(z,y) = %e’(’”uy%/?

The transformation U = X +Y, V = X — Y maps R? to R?, and has inverse transfor-
mation X = (U +V),Y = (U — V). We have

dor 1 ox 1 o9y 1 9y -1

ou 27 v 2 ou 20 v 2

and hence the Jacobian is
J = det (

DO 0|
m‘ | ol
i
N———
I
|

N |
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Hence, the p.d.f. of (U, V) is given by

fU,V(uvv) = fX,Y (%(U—FU),%(U—’U)) X |J|
= ﬁexp (-3 ((u+v)2+(u—v)2))
_ L@y
— 47_‘_6 + 4

() )

Hence, U and V are independent, and both U and V have the N(0,2) distribution.

5.7 Let X and Y be independent random variables with distributions Ga(aq, ) and

Ga(ay, B) respectively. Show that the random variables U = XLH, and V = X +Y are

independent with distributions Be(aq, as) and Ga(a; + s, B) respectively.

Solution. Since X and Y are independent we have

ﬁal a1—1_—fx BQQ

fxy(@y) = fx@)fy(y) = o—a® e Py le Y
(z,y) () fy (y) T(an) ()
5a1+a2 a1—1, as—1 _—p(z+y)
= — . 5.1
Tla)l(az)” 7 ° (5-1)
Ifv=x+yandu= xxTy then, to find the inverse transformation we observe that uv =
(z+ y)xxjy =z, s0 x = wv and hence y = v — uwv. The conditions > 0 and y > 0 translate
towv >0 and 0 < u < 1. The partial derivatives are
Ox ox @ B % B

1—u

I WL A L Wi
and the Jacobian is

v U
—v 1—u

szet( >:v(1—u)+uv:v—uv+uv:v.

Hence, for v > 0 and u € (0,1), the joint p.d.f. of U and V is

ﬂa1+a2 1 1
fov(u,v) = fxy(uv,v—uv)v= m(uv)a“ (v —uw)*?” e Puy
_ Bal+a2 ual—l(l o u)ag—lval—s—az—le—ﬁv'
[(a1)l(az)

For all other u,v, we have fy v (u,v) = 0.

At this point we can recall that S(ay, ag) = % and spot that fy v (u,v) factorises as

1 -1 —1 Bortoz top—1,.—
fuy(u,v) = B g™ A — )T g vt for v > 0,u € (0,1)
| 0 otherwise.

It follows immediately that V ~ Ga(aj + ag, 8) and that U and V' are independent.

5.8 As part of Question[5.7] we showed that if X and Y are independent random variables
with X ~ Ga(ay,B) and Y ~ Ga(as, §), then X +Y ~ Ga(a; + ao, ).
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(a) Use induction to show that for n > 2, if X, Xs,..., X, are independent random
variables with X; ~ Ga(a, §) then

iXZ ~ Ga (ia“ﬁ> .
i=1 i=1

(b) Hence show that for n > 1, if Z1,Z,,..., Z, are independent standard normal
random variables then .
Y 7~
i=1

You may use the result of Example which showed that this was true in the
case n = 1 (and, recall that the x* distribution is a special case of the Gamma
distribution).

Solution.

(a) The base case n = 2 is the given result from Question If the claim is true for
n = k, then let X = Zle X; and Y ~ X1, so that X ~ Ga (Zle ai,ﬂ) and
Y ~ Ga(agy1, 5). Then the same result from Question shows that

k+1 k+1
Y Xi=X+Y ~Ga (Zai,ﬁ> :
i=1 i=1

so the claim is true for n = k + 1. Hence it is true for all n > 2 by induction.
(b) Recall that the x2 distribution is the same as the Ga (%, %) distribution. In particular
each Z? ~ Ga(%,1), so the result of (a) tells us that > ;' ; Z? ~ Ga (%,1) = x2 as
required.

5.9 Let X and Y be a pair of independent random variables, both with the standard normal
distribution. Show that U = X/Y has the Cauchy distribution, with p.d.f.

1 1
w14 u?

fu(u) =
for all u € R.

Solution. The joint density

fX,Y(l"y) = fX(l')fy(y) — %e_(x2+y2)/2

is positive for all (z,y) € R%. We define U = X/Y and V = X (which makes sense because
PY = 0] = 0). We set u = z/y and v = z, and note that this transformation maps R? to
R2. The inverse transformation is z = v and y = v/u, which gives

ox 0 am_l oy —v 9oy 1

ou v du W v

and hence the Jacobian is
0 1 v
J - det <U 1) = ?
u?
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Hence,

vA(1+ 1/u2)> Kl

2 u?

fuv(u,v) = fxy(v,v/u) x |J| = %exp (—

for all u,v € R2. To obtain fr;(u) we integrate out v, giving

Folu) = = /OO ] e (_”2(1“/“2)) "

T o) w2 2

1 * v v2 (14 1/u?)
= o L (TR
o Jy u? eXp( 2 !

L T ) exp [~
J

Tu2l+1/u? 2
1 1 2 2\
_LL (LA

w1+ u? 2 v=0

1 1

1l +u2

This matches the p.d.f. of the Cauchy distribution.

5.10 Let n € N. The ¢ distribution (often known as Student’s ¢ distribution) is the univariate
random variable X with p.d.f.

for all x € R. Here, n is a parameter, known as the number of degrees of freedom.

Let Z be a standard normal random variable and let W be a chi-squared random
variable with n degrees of freedom, where Z and W are independent. Show that

A
VW/n

has the t distribution with n degrees of freedom.

X =

Solution. To find the probability density function of X, consider (Z, W) as a bivariate random
vector, and transform it to (X,Y) where X = —Z— as above and Y = .

VW/n

By independence and the formulae for the density functions of the Normal and chi-squared

distributions,
1 oy (P +w>)
W) = w2 Texp | — ,
N e p( 2
for w > 0. We set x = z/y/w/n and y = w, and note that the inverse of this transformation is

given by w = y and z = x1/y/n. Moreover, this transformation maps {(z,w) : z € R,w > 0}
to {(z,y) : « € R,y > 0}. The Jacobian is

0 1 R
det <\ﬁy/n x(y/n>1/2/<2n>>‘ v/
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so the joint p.d.f. of X and Y is

Prr(ay) = ooyt e | =S | Vi

\/zfnr(niz)\/%ynzl P <_Z <fj - 1>> ’

when y > 0, and equal to zero when y < 0.
To obtain the p.d.f. of X, we integrate out y:

fx(@) = /oo Fxy (o) dy

- e L () o

By Lemma |2.3]

oo 2 2 —(n+1)/2
n—1 y [x 1 /x n-+1
- —4+1 =(=(—+1 [ ——
[ ((5(51) o= (5) ()
2 —(n+1)/2
() ()
n 2

giving

as required.

Challenge Questions

5.11

5.12

The formula , from the typed lecture notes, holds whenever the transformation
u = u(z,y), v = v(z,y) is both one-to-one and onto, and the Jacobian matrix of
derivatives exists. Use this fact to provide an alternative proof of Lemma (i.e. of
the univariate transformation formula).

Hint. Take a random variable X and a function g that satisfies the conditions of Lemma
Let W be a continuous random variable that is independent of X. Define y = g(x),
z = w, and consider the pair (Y, Z) = (¢(X),W). Find fy,z(y, z), using equation (5.2), and
integrate out z to obtain fy (y).

Let X ~ Exp(A;) and Y ~ Exzp(\y) be independent. Show that U = min(X,Y’) has
distribution Exp(A; + A2), and that Plmin(X,Y) = X] = )\111/\2. Extend this result,
by induction, to handle the minimum of finitely many exponential random variables.

Let W = max(X,Y). Show that U and W — U are independent.

Hint. Calculate P [min(X,Y") < z] directly by partitioning on the event X < Y.
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6 Covariance Matrices and and Multivariate Normal
Distributions

Warm-up Questions
6.1 Let
A= (; _11) and X = (_41 _91> .
(a) Calculate det(A) and find both AY and AXAT.
(b) Let A be the vector (2,1). Show that AXAT = 21.
Solution.

(a) We have det(A) = (1)(1) — (=1)(2) = 3, and
1 -1 4 -1 5 —10
a=(, ) (4 )-0 )
r (5 —10 1 2y (15 0
AZA _<7 7 ><—1 1>_<0 21>'
Alternatively, we could calculate S AT first and then pre-multiply by A.

o) Wenae aza” = V(4 (2) (7)o

-1 9 1

Ordinary Questions

6.2 Let X = (X,Y)T be a random vector with

E[X] = ((D Cov(X) = G ;)

Let U=X+Y and V = 2X — 2Y + 1. Write U = (U, V)7.

(a) Write down a square matrix A and a vector b € R? such that U = AX + b.

(b) Show that the mean vector and covariance matrix of U are given by

E[U] = (_11> Cov(U) = (_52 _42>

(c¢) Show that the correlation coefficient p of U and V is equal to \’/—%

Solution.

(a) We have

()= %))

so we take A = (3 1) and b= (}) .
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(b) Using Lemma [6.3| we have

E[U] = AE[X] +b
(2 ) ()= 0) - () + () - (2)
Cov(U) = A Cov(X)AT

()00 56 L6 5= ()

(c¢) From the covariance matrix of U,

and

B Cov(U,V) =2 -1
- NVar(U) Var(V)  Vox4 V5

p(U,V)

6.3 Let X and Y be independent standard normal random variables.

(a) Write down the covariance matrix of the random vector X = (X, Y)T.

(b) Let R be the rotation matrix
cosf —sind
sinf cosf |-

Show that RX has the same covariance matrix as X.

Solution.

(a) Since X and Y are standard normals they both have variance 1, and by independence
their covariance is zero. Hence Cov(X) = (}9). This is the identify matrix, which we
denote by I.

(b) We have Cov(RX) = RCov(X)R” = RIR” = RR”, and evaluating RR” gives

sinff cos0 —sinf cos6 sin 6 cos @ — cos @ sin 6 sin? @ + cos2

(o)

which is the identity matrix I. Since Cov(X) = I, we are done.

<cos 0 —sin 9) < cosf sin 9) - < cosZ 6 + sin? @ cosfsin @ — sin 6 cos 9)

6.4 Three (univariate) random variables X, Y and Z have means 3, —4 and 6 respec-

tively and variances 1, 1 and 25 respectively. Further, X and Y are uncorrelated; the

correlation coefficient between X and Z is % and that between Y and Z is —%. Let

U=X+Y —Zand W =2X +Z —4 and set U = (U, W)7.

(a) Find the mean vector and covariance matrix of X = (X,Y, Z)T.
(b) Write down a matrix A and a vector b such that U = AX + b.

(c¢) Find the mean vector and covariance matrix of U.
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(d) Evaluate E[(2X + Z — 6)?].

Solution.

(a) We have E[(X,Y,2)T] = (E[X],E[Y],E[Z])T = (3,—4,6)". For the covariance matrix,
we have Cov(X,Y) = 0 since X and Y are uncorrelated. We are given that px 7 =

o) C%) = 1 and hence Cov(X, Z) = 1. Similarly py,z = —1 gives Cov(X, Z) = —1.

So,
X 1 0 1
Cov|{Y | =10 1 -1].
Z 1 -1 25

1
57

(b) We define A and b by

(c) It holds that

and

U 27 =25
Cov (W) = A Cov(X)AT = <_25 23 > .
(d) We observe E[(2X + Z — 6)?] = E[(W — 2)?]. From (b) we have
Var(W — 2) = Var(W) = 33

and E[W] = 8, so E[W — 2] = 6. Hence, by rearranging Var(W — 2) = E[(W — 2)?] —
E[W — 22,

E[(W —2)?] = Var(W — 2) + E[W — 2]* = 33 + 6% = 69.
6.5 Suppose that the random vector X = (X1, X5)T follows the bivariate normal distribu-
tion with E[X;] = E[X;] = 0, Var(X;) = 1, Cov(X1, X3) = 2 and Var(X3) = 5.

(a) Calculate the correlation coefficient of X; and X,. Are X; and X, independent?

(b) Find the mean and the covariance matrices of

Y:(l 2)X and Z:(;) Z)X

What are the distributions of Y and Z7

Solution.

(a) We have
Cov(X1,X3) o012 2

P V/var(Xy)var(Xs) T o 1x V5

X, and X9 are positively correlated and they are not independent.

~ 0.894.
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izl = (5 3)2x= (5 ) (o)
R N L T (B TR TN
(-G E)

In the cases of both Y and Z, the transformations which obtain them from X are
linear. Hence, both Y and Z are normally distributed. Because the normal distribution

is determined completely from its mean and its covariance matrix, it follows that the
distributions of Y and Z are

vovo ma zon(0). (2 9]

6.6 Let X; and X5 be bivariate normally distributed random variables each with mean 0
and variance 1, and with correlation coefficient p.

Il
Y
o O
~__

a) By integrating ou e variable x5 in the joint p.d.f., verify tha e margina,
By int ti t th iabl in the joint p.d.f ify that th inal
distribution of X is indeed that of a standard univariate normal random variable.

Hint: Use the fact that the integral of a N(u,o?) p.d.f. is equal to 1.

(b) Show, using the ‘usual’ formula for the conditional p.d.f. that the conditional
p.d.f. of X, given X; = z; is N(pxy,1 — p?).

Solution.

(a) We have
1

1
fx1,x0 (w1, 22) = m exp {_2(1—/)2) [I% — 2pz122 + »’53] } )

so integrating out x9 gives

le (xl)

— 2px1792 + x%] } de
2

2my/1 — / exp{ 2(1 - p?)

(z2 — px1)? — (p21)? + 7]
27T\/1—7/ eXp{ R } e

(by completing the square)

- e ) [ ) o

(by taking terms which don’t involve x2 outside the integral)
1

S 1) M S
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The term inside the integral here is the p.d.f. of a Normal random variable with mean
pr1 and variance (1 — p?). (Because the integral is with respect to xs, we can treat z;
as a constant). Hence, the integral is 1, and so we have shown
1o
x:(%1) = e 2z,
Fra() =

which is the p.d.f. of the standard normal.

(b) From (a), we have

fxl,X2 (xla IQ)

le (x1>
1 1 2 9
21+/1—p2 exp {_2(17,)2) [x1 — 2pr122 + :EQ]}

1 z?
)

fxo1x, (w2|21) =

1 { 1 2 2p 1 2 xq
= ———exXp |- 2]+ 01T — ———< 25 + —
71— p?) 20—p) " T 21— p7) T 21— p7) T 2
_ 1 exp {_1 [fﬂf — 2pz173 + 1’%2— (1- p2)w?} }
27(1 — p?) 2 1—0p
1 _ 2
:______%pP@LJ%L}
27(1 — p?) 2(1 = p?)

and so Xo| X1 = 21 ~ N(px1,1 — p?) as required.

6.7 Let X = (X1, X5)T have a No(u, ) distribution with mean vector g = (p1, u2)? and

. . 0'2 ag
covariance matrix X = ( °! 7% ). Let

o012 0%
1 o1
A:(U @)
ﬁ 1

Find the distribution of Y = AX, and deduce that any bivariate normal random
vector can be transformed by a linear transformation into a vector of independent
normal random variables.

Solution. The random vector Y has a bivariate normal distribution with mean vector

A[L = <'UJ1 B uijl)
pe + B2 )0
and covariance matrix
o 2 o 201(0102—012)
AZAT _ 1 —?; 0'1 g12 1 ?? _ 702 O
% 1 012 U% —% 1 0 42‘72(01;12+‘712) )

1 — M?,Zl 201(01522—012) 0
12 + 1102 ) 0 202(0102+0’12) :
g1

o1

Y ~ No

Hence, the components of Y are independent.
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Since this transformation can be applied to any bivariate normal random vector, any bivariate
normal random vector can be transformed (by a linear transformation) into a vector of
independent normal random variables.

6.8 The random vector X = (X, X5, X3)7 has an Nj(u,X) distribution where g =
(—1,1,2)T and

144 —-30 48
YX=11-30 25 10
48 10 64

(a) Find the correlation coefficients between X; and Xs, between X; and X3 and
between X5 and X3.

(b) Let Y} = X; + X3 and Y3 = Xy — X;. Find the distribution of Y = (Y1, Y5)? and
hence find the correlation coeflicient between Y; and Y5.

Solution.
(a) Using that p(X,Y) = %, from the covariance matrix, the correlation coef-
ar ar
. : -30  _ _1 ; 48 -1
ficient between X7 and X5 is \/m\l/g?) = 12, that between X; and X3 is JTinvel 2
and that between X9 and X35 is Tasel = 1

(b) We have Y = AX where
1 01
A= (—1 1 0)'

: 1 . . N
The mean vector of Y is Ap = <2> , and its covariance matrix is given by

304 —212
T _
AZAT = (—212 229 ) '

: . —212 .
Hence, the correlation between Y7 and Y5 is Ta0avass 0.803.

6.9 (a) Let X be a (univariate) standard normal random variable and let Y = X. Does
the random vector X = (X,Y)? have a bivariate normal distribution?

(b) Let X and Y be two independent (univariate) standard normal random variables,
and let Z be an independent random variable such that P[Z = 1] = P[Z = —1] =

%. Are XZ and Y Z independent, and does the random vector X = (XZ,Y Z)T
have a bivariate normal distribution?

Solution.

(a) No. To see this, for example, note that a bivariate normal Z = (Z1,Z)" has a
p.d.f. fz,,z,(21, 22) that is positive everywhere, and so

o0

P[Zl < ZQ] = / fZl722 (21,22> dZQ le > 0,

oo Jz1

but P[X < Y] =0.
Another possible way to see it: note that Cov(X,Y) = Cov(X, X) = Var(X) = 1, but
if X and Y were independent they would have covariance zero.
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(b) Yes. To see this, note that for any subsets A, B of R we have

PXZ€cAYZeB| =P XeAYeB Z=1+P-X€eA-YeB,Z=—I1]

[
=P[X € A,Y € BIP[Z =1]+P[-X € A,-Y € BJP[Z = —1]
=PX €AY € Bl +P[X € A,Y € B]}
=PX €AY € B].

Hence (X Z,Y Z)" has the same distribution as (X,Y)?, which is that of a pair of in-

dependent normal random variables. Hence (X, Y') has a bivariate normal distribution,

with mean vector p = () and covariance matrix 3 = (}9).

Challenge Questions

6.10 Recall that an orthogonal matriz R is one for which R™' = R, and recall that if
an n X n matrix R is orthogonal, x is an n-dimensional vector, and y = Rx then

Y Y=y y=x-x=) 7
Let X = (X1, Xy,...,X,) be a vector of independent normal random variables with
common mean 0 and variance o2. Let R be an orthogonal matrix and let Y = RX.

(a) Show that Y is also a vector of independent normal random variables, with com-
mon mean 0 and variance 2.

(b) Suppose that all the elements in the first row of R are equal to \/Lﬁ (you may assume

that an orthogonal matrix exists with this property). Show that Y; = /nX, where
X is the sample mean of X, and that

iyf = Xn:XZ? —nX?2
1=2 i=1

(c¢) Hence, use Question to deduce that, if s* =
sample variance of X,

(>Xh, X2 —nX?) is the

1
n—1
(n—1)s?

2
0_2 ~ anlv

and that it is independent of X.

(d) Let u € R. Deduce that the result of part (c) also holds if the X; have mean p
(so as they are i.i.d. N(u,c?) random variables).

Solution.

(a) We note that X ~ N,,(0,02I), where 0 is an n-dimensional vector of zeros and I is the
n-dimensional identity matrix. The mean vector of Y will then be RO = 0, and the
covariance matrix will be R(c?I)RT = ¢?RR” = 021, by the orthogonality of R, so
the multivariate normal theory tells us that Y also has N,,(0,02I) distribution.

Note that this result is a generalisation of since (COSQ _Sine) 1s orthogonal.

sinf cos6
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(b) By the form given for R,
n n
1 Vn _
i=1 1=1
By the orthogonality of R we have > I, Y2 =" X
n
3 S S i

i=1

(c) By part (a), the Y; are independent N (0, 0%) random variables, so % ~ N(0,1), and by

5.8 . )
Z (?) ~ Xp-1-
=2

Hence by part (b) we have

(n—l)s 1 9 9
(St

as required. The independence follows because Y7 is independent of the remaining
variables by the form of the covariance matrix and multivariate normal theory.

(d) Recall that an alternate for of the sample variance of (X;) is

1 _
2 2
= X; — X)~.

F = X X)

Let X/ = X; + p, so as the X/ are i.i.d. N(u,0?%). Write X’ = 1 3~ X/ = X + 1. Hence,
i=1

2= LS (X ) - (X - ),

n—1
i=1

that is the (X;) and the (X/) have the same sample variance. So, the sample variance
of the (X!) also has the x2_, distribution.

6.11 Let Zy,Zs,... be independent identically distributed normal random variables with
mean p and variance o2. We regard n samples of these as a set of data. Write Z and

s? respectively for the sample mean and variance.

Combine [6.10(d) and to show that the statistic

X' = \/H(Z—/O

S

has the ¢ distribution with n — 1 degrees of freedom.

Solution. We note,

X' = @ (Z 7 ,LL)
(n—1)s2 [/ 1
o2 n—1



This rearrangement (writing s = V's2, then multiplying and dividing appropriately by ¢ and
@ on the bottom. By 6.10|1 d), W
has a x2_; distribution, independent of the numerator ‘f (Z — p). We have

n — 1), is chosen precisely to create the term W =

X/:@ /'L)

2

i
L

and we now focus on the numerator. We have
n

Since the (Z;) are 1ndependent N (u,0?), we have that > | Z; has a N (nu, no?) distribution,

and hence Z has a N(u, % ®) distribution. It follows that Z’ = ‘{rﬁ (Z — p) has a N(0,1)
distribution. Hence,

:\*—‘

X' = Z

n—1

By applying using that Z’ ~ N(0,1) and W ~ x2_;, we have that the distribution of
X' is the t distribution with n — 1 degrees of freedom.

Note that each Z; has a N(u,0?) distribution, so we would expect a statistic of the Z;, such
as X', to depend on p and 0. In this case, however, we have shown that X' has a X%_l
distribution, regardless of the values of p and 0. This allows us to design statistical tests,
using the statistic X', without needing to know (or estimate) p or o.
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7 Likelihood and Maximum Likelihood

Warm-up Questions
7.1 Let f: R — R by f(f) = e @ +4.

(a) Find the first derivative of f, and hence identify its turning point(s).

(b) Calculate the value of the second derivative of f at these turning point(s). Hence,
deduce if the turning point(s) are local maxima or local minima.

Solution. We have f'(8) = (=26 + 4)e~ 4 which is zero if and only if § = 2. Further,
f”(@) — —26792+49 + (4 o 29)26792749
so as f(2) = —2e* < 0, which means that the turning point at § = 2 is a local maxima.

7.2 Let (a;)I, be a sequence with a; € (0,00). Show that log (H ai> = > loga;.
i=1

i=1

Solution. This follows from iterating the formula log(ab) = loga + logb.

Ordinary Questions

7.3 A single sample of x = 3 is obtained from a geometric distribution X with unknown
parameter §. That is, P[X = z] = 6*(1 — ) for z € {0,1,2,...}.
(a) Write down the likelihood function L(#;3), and state its domain ©.

(b) Find the maximum likelihood estimator of 6.

Solution.

(a) The parameter 6 of the geometric distribution takes values in © = [0, 1]. The probability
function of the geometric distribution is p(x; #) = 0*(1—0), defined for z € N. Therefore,
its likelihood function, defined for 6 € O, is given by L(0;s) = 6*(1 — ). For the data
point x = 3, this gives

L(6;3) = 63(1 — 0).
(b) Differentiating, we have
L'(0;3) = —6° + 36%(1 — 0)
=0%(—0+3(1—-9))
= 6%(3 — 40).
We now look for turning points. Solving L'(0;3) = 0 gives that § =0 or § = %.

Next, we see if these turning points are local maxima or minima. Since

L"(0;3) = 20(3 — 46) + 6*(—4)
= —120° + 60
= 66(1 — 26)
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it is easily seen that L”(0;3) = 0 and L"(3;3) = =32 < 0.

So, we know that 6 = % is local maximum, but unfortunately since the second derivative
is zero we don’t know if # = 0 is a maximum or a minimum. However, since L(0;3) =0
and L(%;S) > 0 it must be § = % that is the global maximum, and hence also the
maximum likelihood estimator of 6.

7.4 Suppose that we have a biased coin, which throws a head with probability 6 € [0, 1],
and a tail with probability 1 — #. The coin flips are independent of each other. We
toss the coin n times, and record the total number of heads.

(a)
(b)
()

Let X be the total number of heads thrown after n tosses. Write down the
distribution of X.

Write down the likelihood function L(6;x) of X, where x is the total number of
heads in n tosses. State the range of values taken by 6.

Suppose that in n = 10 tosses we throw z = 7 heads. Based on this data, find
the maximum likelihood estimator of 6.

Solution.

(a)
(b)

Each coin flip is independent, and each flip shows a head with probability p, so X ~
Bi(n,p).

We have
n

L(6;2) = p(;0) = (

The range of values taken by 6 is © = [0, 1].
Putting n = 10 and x = 7 we obtain that

L(6;7) = (170) 67(1 - 0)3.

)996(1 — gy,

x

Note that we don’t need to evaluate (170), because it won’t affect the value that we will
obtain for 6.

Differentiating with respect to # we obtain that

dL(0;7) _ (10

7 7> (76°(1 — 0)* — 073(1 — 0)?)

_ (170) 65(1 — 0)2(7(1 — 6) — 30)

= <170> 0°(1 — 0)*(7 — 100).

This gives us turning points at § = 0,1 and 0 = %. At 0 = 1—70 we have L(0;x) > 0,

but at § = 0,1 we obtain a likelihood of zero. Hence, 6 = 15 is the maximum likelihood
estimator.

g~

Note that we could find %, but we would discover that it was zero at the turning points

6 = 0,1, which wouldn’t help us (we came across this problem before, in Example .
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7.5 Consider a sequence of i.i.d. samples x = (z1, 2, ...,2,), for some n > 0, in each of
the following cases. The data are i.i.d. samples from:

(a) the gamma distribution Ga(c, ), where « is known.

(b) the beta distribution Be(f, 1), where second parameter is known to be equal to 1.
) the normal distribution N (6, 0?), where o2 is known.
)

(c

(d) the normal distribution N (u,8), where u is known.

In each case, do the following:

(i) Write down the likelihood function L(0;x), and specify the range of values ©
taken by 6.

(ii) Find the log likelihood ¢(#;x), and simplify it as much as you can.

(iii) Find the maximum likelihood estimator 6.

Solution.

(a) (1) If X ~Ga(a,p) then fx(z) = %x?fle_m’i for z > 0. We take 6 = f3.
The parameter range for 6 is © € (0, 00).
The likelihood function is

L(0:x) =[] f@is0)

a—1
ean n n
= () <}_[1 :cl> exp (—9;%) .

(ii) So, the log-likelihood function £(6;x) = log L(0; x) is
(6;x) = anlogf — nlogT'(a) + (v — 1) Zlogmi - Hin.
i=1 i=1

(iii) The first derivative of £(0;x) is

and setting this equal to zero we get that the unique turning point is

an

0= =5 .
D i T

(7.1)

The second derivative of £(0;x) is

d?0(0;x)  an

ez~ 92

which is negative for all 8. Hence, 0, given by (7.1)), is the maximum likelihood
estimator.
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(b) (i) The parameter set is © = (0, 00).
The contribution to the likelihood from observation i is f(x;;0) = VEIG l)x?fl. Note

INC)INE! 7(0)1
that B(0,1) = ot = 505 = 5.

So, the likelihood is

9-1
H9x9 1 1—:UZ = (Hm2> .
(ii) This gives
((0;x) =nlogf+ (6 — 1)) log ;.

(iii) The first derivative of £(0;x) is

dl
( — + Z log x;
and setting this equal to zero we get that the unique turning point is given by
1 n
P Zlogmi. (7.2)
n
i=1

(Note that this gives 6 € (0, 00) because all the logs are negative.)
The second derivative of £(6;x) is

d?0(6;x)  —n
do? 02
which is negative for all §. Hence, é, given by , is the maximum likelihood
estimator.
() (i) If X ~ N(u,0?) then fx(x) = \/21—7”76_(96_”)2/202. We take 0 =

The range of possible values for 8 is © = R.
The contribution to the likelihood from observation ¢ will be ﬁe

and the likelihood is

—(z;—0)2 /202

(ii) Hence, the log likelihood is

0(0;x) = —g (log(27) + log(c?)) — %‘2 ;(xz —0)2.
(iii) We have
O = gz > (~1)2(ri —0)
i=1
= % > (i —0)
i=1



(iii)

and
d¢ -n

g2~ o2’
Solving for 4 d =0, we get > ; & —nb = 0, and hence the only turning point of ¢

is 0 = (3°1, x;)/n. As the second derivative is negative everywhere, this turning
point is the global maximum. So the maximum likelihood estimator of € is

o1&

(This is the sample mean z, which makes sense wince we wanted to estimate 6 = p,
the mean of N(u,0?).)

Now, we look to estimate § = o2. The parameter set is © = (0, c0).

C
L o35 .

The contribution to the likelihood from observation ¢ will be f(x;;0) = =€

So the likelihood is

— n 1 (x; — M)2 B 1 Lo |
X) = Zl_[l mexp ( 20 > = 2nh)2 exp (29 ;(Sﬂz _ M)2> ‘

This gives

]_ 1 n T — ].
l(@,x) = log <(2779)n/26 26 2i=1 (% “)2> = —*10g<271'9) — % (l‘ — ,u)2
i=1

The first derivative of £(6;x) is

di(0;x)  n 1 «
a = 2t g 2

and setting this equal to zero, we obtain that the unique turning point is

The second derivative of £(0;x) is

d*0(0;x)  n 1 & s Lfn 1 9
DS TR PR D

and evaluating it at the turning point (7.3]) gives

1 [n n
_e2<2_2¢1 22 ) 32 <0

Hence ([7.3)) is the required maximum likelihood estimate 6 of 6.
(Note that the factor -+ 1s correct; it appears in case where the mean is known,
whereas the factor =5 appears when the mean is unknown, as in e.g. Example )

d?0(0;x)
do?

(7.3)
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7.6

7.7

A sample (zq,x9,23) = (4,0,3) of three independent observations is obtained from
a Poisson distribution with parameter A\. Here, X\ is known to be in A = {1,2,3}.
Find the likelihood of each of the possible values of A, and hence find the maximum
likelihood estimator.

Solution. The probability of observing the values 4, 0 and 3 as independent observations
from a Po(\) population is
)\46—)\ >\06_>‘ )\36—)\ )\76_3>‘
A0 3 144

which gives a likelihood of 3.46 x 104 for A = 1, of 2.20 x 1073 for A = 2, and of 1.87 x 1073
for A = 3. Amongst these values, the likelihood is largest when A = 2, so the maximum
likelihood estimator is A = 2.

A sequence of i.i.d. samples x = (z1,%2,...,%,) is taken from an inverse Gaussian
distribution, which has the p.d.f.

0

F@) =/ s exp (—M

22

23

> when z > 0,

and f(z) =0 for z <0, with parameters p, 6 > 0.

Both p and 6 are unknown. Find the maximum likelihood estimator of (u, ).
Solution. The log-likelihood function is
U, 0;x) = log9— fZIOg (2mx?) ii
» — 2 —

We now calculate the first partial derivatives. Differentiating with respect to u and rearrang-
ing gives

O, ;%) 0 o~ (2 — p)? ezn:(ﬂ?i—u)
o pre= 0

=1 H i
giving
01, 0;x) 0 <
=3 (zi — ). (7.4)
o we =
Differentiating with respect to 6 gives
ol(p, 0;x)  n 1 & (i — p)?
B D D (7.5

For these to both be zero, from ([7.4)) we must have
1 n
=1
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and from ([7.5) we must have
2

nuy
0= —; — (7.7)
>oic (T — p)2e; '
The second partial derivatives are

9%0(u, 0;%) 30 — 0
—s— = —— ) ([@i—p)—n—,

8/1'2 ,UJ4 i:1( :u) MB
0%0(p, 0;x) 1<
e = gy (€ ),

ouol =
0%0(p, 0; %) n

062 207
Evaluating the Hessian matrix at (7.6|)/(7.7]) gives

F )
R

The top-left element is negative, and the determinant is positive, so this matrix is negative
definite. Hence (fi,0) given by ([7.6)/(7.7) is the maximum likelihood estimator of (i, 6).

7.8 Suppose that we have a sequence of i.i.d. samples x = (x1,...,x,) taken from a
N(u,c?) distribution, where p is unknown and ¢? is known. Recall from Example
that the maximum likelihood estimator is i = = = %Z?:1 x; and the k-likelihood

region for y is given by
[_ [2k /211
T—0\—,T+0o\/—|.
n n

Suppose that n = 144, 02 = 1 and the data satisfies # = 2.05. Does a 2-likelihood test
support the hypothesis that the true mean is yu = 27

Solution. For the values given, the endpoints of Ry are 2.05 + \/Z% =205 =% %. Since the

value # = 2 is within this region, a 2-likelihood test supports the given hypothesis.

7.9 In we tossed a coin n = 10 times and observed z = 7 heads. We modelled the
number of heads X as a Bi(n,#) distribution with n = 10 and unknown 6.

(a) Use a software package of your choice to find Rs, the range of values for # which
the log likelihood is within 2 of its maximum value.
6(1—6)

(b) In this situation, an approximate 95% confidence interval is given by #41.96 —,

where 6 = z/n. Compare this confidence interval to your answer in (a).
(c) Repeat this analysis with n = 100 and = = 70.

(d) Consider the following statements. Which do you believe? Give arguments to
support your conclusions.

(i) “Using more samples means that we can be more confident about the accuracy
of our estimators.”

(ii) “In both cases (n =10 and n = 100) we used a just single sample of x, so in
both cases we should have the same level of confidence in our estimator 6.”
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(iii) “If we don’t have enough samples to feel certain, then we shouldn’t believe in
statistics.”

Solution.

(a) From the likelihood function in
0(0; ) =log <n> + zlogb + (n — z)log(1 — 0).
x

Recall that Ry = {0 € © : [0(0;z) — £(0; )| < 2}, so with n = 10 and 2 = 7 we have
Ry={0¢€[0,1] : }710g9+310g(1—9)—7log%—3log%‘ <2}.

Solving the inequality numerically gives that Ry &~ [0.39,0.92].

I suggest using wolframalpha.com to solve the inequality numerically. It is good at
understanding instructions in plain English, so you can type e.g.
solve |70 log(x) + 30 log(l-x) - 70 log(7/10) - 30 log(3/10)| <= 2.

(b) With n = 10 and = = 7, the 95% confidence interval comes out as [0.42,0.98]. This
interval is quite similar to Rs.

(¢) With n = 100 and = = 70, we have the same maximum likelihood estimator, 0 = %,
but the 2-likelihood region becomes Ry = [0.60,0.79] and the 95% confidence interval
becomes [0.61,0.78]. Again, Ry is very similar to the 95% confidence interval.

(d) (i) This is broadly true — as long as the extra samples contain new information, and
as long as are using an appropriate statistical method to analyse our data. The
underlying reason is that the more (independent) samples we have, the more confi-
dent we can be that our data reflects the true range of outcomes that we are trying
to model.

(ii) This statement is false. In our experiment we can be more confident about accu-

rately estimating 6 when n = 100 than when n = 10. Although we input only a
single value of x into our model in each case, this x incorporates information from
n different independent experiments, and our model is aware of this fact (through
the use of the binomial distribution). So, in fact, we do make use of more data
when n = 100.
The results we have obtained demonstrate an increasing level of certainty as n
increases. In particular, as n becomes large, our 95% confidence interval and our
2-likelihood region both shrink, indicating that we expect our estimator 6 to become
closer to its true value.

(iii) This statement is false, although it depends a little on what we mean by ‘believe’.
Statistics and data analysis do not provide absolute certainty, in any situation,
but sometimes they might provide enough confidence that we could choose to feel
certain. The real power of statistics is that it allows us to work with uncertain
claims, by quantifying the level of (un)certainty that we can attach to our beliefs,
by comparison to what we actually observe.

7.10 Asin Q7.5(b), let x = (z1,...,,) be a sequence of i.i.d. samples from the Beta(f, 1)
distribution, where € is unknown. Show that the k-likelihood region for @ is

Ry = {ee (0,00) : é(@—é)+log(9/é)’ < S}
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where 6 denotes the maximum likelihood estimator of 6.

Solution. From Q7.5|b) we have that

l(\;x) =nlogl+ (0 —1) (Z log x; + Zlog(l - xz)) .
i=1 i=1

and that the maximum likelihood estimator is

0= —% <Zn:10gxi + Zn:log(l — xz)> .
i=1 i=1

We can thus write

A~

l(A\;x) =nlogl+ (0 —1)nb.

Recalling that Ry, = {6 : [€(0;x) — £(0;x)| < k}, we rearrange

|€()‘a X) - [(5\’ X)| <k
nlogf+ (0 — 1)nf —nlogh — (0 — 1)nb| < k
A k
16(6 —6) +10g(6/0)] <
and we have the result.
7.11 (a) Let x = (21,...,x,) be a sequence of i.i.d. samples of the random variable X,

and suppose that the distribution of X has the parameters 6. Let ¢ be the
corresponding log likelihood function. Show that

0(6;x) = ) log fx(x:6).
=1

(b) Write ¢(x; u,v) for the probability density function of the N(u,v) distribution,
with parameters 6 = (u,v). Let X ~ logN (i, v) have. Show that for x > 0

(e 0) = ~olog z; 1, 0).

Find the corresponding log-likelihood function ¢(u, v; x), in terms of ¢.

(¢) Without doing any further calculations, combine your results from (a) and (b)
with the results of Example to deduce formulae for the maximum likelihood
estimator of (u,v).

Solution.

(a) We have

(p, v; %) = log (L(p, v; X)) = log (H fx (i Ma“)) = log fx (@i p, v)

i=1 i=1
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(b) For x > 0 we have

1 1 1 logx — p1)?

2 ¢(log @ 1, v) = = ——— exp (—(2)

T Ty 270 o

which is the non-zero case of the p.d.f. of the logN (u,v) distribution.

Hence, by part (a),
;%) = =Y logai + Y log ¢ (as; 1, v) (7.8)
i=1 i=1

(c) Applying part (a) to the case of the N(u,v) distribution, we obtain that the second
term >, log ¢(x4; p,v) is the log-likelihood function corresponding to a sequence of
i.i.d. samples from the N(u,v) distribution. Since the term —>"" | log z; in does
not depend on p or v, the partial derivatives obtained from the N (u, v) case are identical
to those obtained in the logN (u, v) case.

It follows immediately that the maximum likelihood estimators obtained from will
be identical to those obtained for the N(u,v) distribution. Hence, from Example
we obtain that the maximum likelihood estimators are

1l X 1 9
M—n;xz v—n_lz(xz—,u,).

Challenge Questions

7.12 The Pareto distribution has parameters a > 0 and 5 > 0, with p.d.f.

f(z;0) = jﬁl when z > 3
and f(z;0) = 0 when z < 5. A set of n ii.d. samples x = (z1,s,...,2,) are taken

from a Pareto distribution, where the parameters 8 = (a, ) are both unknown.

Find the corresponding maximum likelihood estimator of 6.
Solution. The log-likelihood function is
n
0(0;x) = logH f(zi]0) = —(a+1) Zlogwi + nloga + nalog f,
i=1 i=1

assuming « > 0, § > 0 and < z; for all 4. (If > z; for any 7 then the likelihood is zero.)
The first partial derivatives are

o(0;x) n

S ;logaﬁl + o +nlogp (7.9)
oL0;x)

o8 na/p

(for o, 8 > 0 and B < x; for all 7).
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Hence £(0;x) is increasing in § for as long as § < z; for all ¢, and otherwise equal to zero,
so to maximise 8 we take # = min(z1,...,2,) (similar to Example . Then from we
have that .
o0;x) 0
oa
which implies that
n

n
— = Zlogxi—nlogﬁ

(6% °
=1
and so there is a possible maximum at
1
n 1/n . ’
log (Hi:l x;”"/min(z1, ... ,a:n))

o =

Checking the second derivative,

020(0;x) n
ooz a2 <Y

for all &« > 0 and for all g < z;.

So 6 = (&, ) is the required maximum likelihood estimate of 6.
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